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Abstract

We consider the problem of navigating a weighted random graph with the
additional complication that an edge in the realization is concealed until
one of its endpoints is visited. This problem and several of its variants
have been studied in different fields and under different names, most no-
tably the Stochastic Canadian Traveller Problem and the Edge-
Independent Stochastic Shortest Path Problem with Recourse.
We show that these problems are PSPACE-complete, that a generalization
of an NP-complete variant to Markov chains is PSPACE-hard to approxi-
mate within any exponential-polynomial factor, and that there are instances
to the problems that have no descriptions of optimal policies which can be
interpreted in polynomial time unless PSPACE ⊆ P/poly. These results
are complete or partial answers to some open questions and contributes to
the more interesting task of exploring the approximability of the problems.

Sv̊arighetsresultat för vägsökningsproblem med begränsad
synlighet

Vi presenterar ett flertal resultat relaterade till problemet att navigera i en
viktad slumpgraf där kanter förblir dolda tills dess att en kants ändpunkter
besöks. Detta problem och flertalet varienter är kända under olika namn
i olika omr̊aden. Mera specifikt är problemet känt som the Stochastic
Canadian Traveller Problem (den kanadensiska resarens problem) och
the Edge-Independent Stochastic Shortest Path Problem with
Recourse (det stokastiska vägsökningsproblemet med omplanering). Vi
visar att dessa problem är PSPACE-fullständiga, att en NP-fullständig
variant generaliserad till Markov-kedjor är PSPACE-sv̊ar att approximera
inom varje exponential-polynomial faktor, samt att det inte för alla instanser
av problemen finns beskrivingar av optimala planer som kan läsas i poly-
nomial tid om inte PSPACE ⊆ P/poly. Detta besvarar fullständigt eller
delvis vissa öppna fr̊agor och är ett steg närmare den mera intressanta fr̊agan
ang̊aende om problemet kan effektivt approximeras eller inte.

i



ACM Subject Descriptors

F.1.2 Modes of Computation – Alternation and nondeterminism, probabilis-
tic computation; F.1.3 Complexity Measures and Classes – Reducibility and
completeness, relations among complexity classes; F.2.2 Analysis of Algo-
rithms and Problem Complexity, Nonnumerical Algorithms and Problems
– Geometrical problems and computations; G.2.2 Discrete Mathematics,
Graph Theory – Graph algorithms, path and circuit problems; and G.3
Probability and Statistics – Probabilistic algorithms, Markov and stochas-
tic processes.

ASM Subject Classification

68Q17 Computational difficulty of problems, 68R10 Graph theory in relation
to computer science, 68W20 Randomized algorithms, and 68W25 Approxi-
mation algorithms.

General terms

Algorithms, Theory.

Additional keywords

Approximation algorithms, complete problems, Canadian Traveller Prob-
lem, exploration-exploitation, games against nature, hardness of approxi-
mation, inapproximability, path finding and path planning, partial observ-
ability, policies and strategies, PSPACE, random graphs, randomness in
computer science, route planning under uncertainty, satisfiability, shortest
paths, Stochastic Shortest Path Problem, Quantified Satisfia-
bility.

ii



Contents

1 Introduction 1
1.1 A Natural Predicament . . . . . . . . . . . . . . . . . . . . . 3
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Background 7
2.1 Sets and Sequences . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Random Graphs . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 Computational Problems . . . . . . . . . . . . . . . . . . . . . 10
2.5 Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.6 Complexity Theory . . . . . . . . . . . . . . . . . . . . . . . . 12
2.7 Complexity Classes . . . . . . . . . . . . . . . . . . . . . . . . 13
2.8 Approximability . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.9 PSPACE-hard Satisfiability Problems . . . . . . . . . . . . . 15

3 The Stochastic Canadian Traveller Problem 17
3.1 Problem Definition . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2 Two Definitions of i-SSPPR . . . . . . . . . . . . . . . . . . . 18
3.3 Previous Work . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 SCTP and i-SSPPR are PSPACE-complete 21
4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2 Proof Idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Definition of the Reduction . . . . . . . . . . . . . . . . . . . 22
4.4 PSPACE-hardness proof . . . . . . . . . . . . . . . . . . . . 26

5 Inapproximability of Markov-d-SSPPR 33
5.1 Definition of Markov-d-SSPPR . . . . . . . . . . . . . . . . . 33
5.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

iii



5.3 Reduction from QSAT to Markov-d-SSPPR . . . . . . . . . . 35
5.4 Hardness Proof . . . . . . . . . . . . . . . . . . . . . . . . . . 36

6 Inexistence of Polynomial-Time Policies 41
6.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
6.2 Restricted but Still Hard Problems . . . . . . . . . . . . . . . 42
6.3 Definitions of Some Superinstances . . . . . . . . . . . . . . . 43
6.4 A P/poly Algorithm . . . . . . . . . . . . . . . . . . . . . . . 45

7 Discussion and Open Problems 49
7.1 Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 49
7.2 Natural Simplifications . . . . . . . . . . . . . . . . . . . . . . 50
7.3 Computational Hardness . . . . . . . . . . . . . . . . . . . . . 51
7.4 Polynomial-Time Policies . . . . . . . . . . . . . . . . . . . . 51
7.5 Related Research Directions . . . . . . . . . . . . . . . . . . . 53

Bibliography a

iv



Acknowledgments

First and foremost, I am greatly indepted to my supervisor, Thore Husfeldt,
who has an uncanny ability for inspiring students by making difficult things
seem fun and really easy. A few years prior to this study, I was pondering
over how one could produce a path-finding algorithm optimal not “only” in
the worst case, but also optimal with respect to a probability distribution.
At the time, my interest was in Artificial Intelligence and I approached our
resident expert in Machine Learning, Jacek Malec, who promptly instead
sent me to one of our resident experts in algorithms, Thore Husfeldt. Always
eager to share “his art”, Thore made it clear that he was interested in the
topic and pointed me towards several useful sources for approaching the
problem formally. More than anything, I am grateful for this first meeting
for awakening in me an interest in a host of topics that I today consider
fundamental to my own research and even to my world view.

My thanks to Andrzej Lingas for brief discussions about a number of
subjects. My apologies to the same for supervising this thesis for about two
weeks before I gathered the courage to tell him that I really wanted to do
the thesis under Thore’s supervision, whose area of expertise better suited
the kind of results I was looking for.

This thesis has been handed to several persons for proofreading, but
I would like to thank in particular Antonios Antoniadis, who I believe is
the only one who has read it in detail and given ample of feedback on
it. I thank the same for the many discussions and the activities that we
have arranged in the past year – programming challenges, open problems
nights, and thesis discussions. Confident that I’ve been labelled a nerd
since grade school, I can safely share that some of the best times of my life
have involved a blackboard, an open problem, and someone to discuss with,
preferably a late friday night. Over the years, there’s another handful of
people who have managed to endure my ludicrous behavior and provided a
much-needed intellectual outlet. Although it is not much, I would like to
recognize especially Niklas Citron, Ulf Kargén, Dennis Lindblad, and Mikael
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CHAPTER 1

Introduction

Computing optimal paths between two points in a given environment is a
central problem in Computer Science with a great number of applications
in several fields. Even so, efficient algorithms are today only known for
certain classes of idealized environments and a large number of potential
applications remain infeasible. Consider the following simplified natural
tasks.

Having left a city familiar to yourself for some time, you arrive again with
the aim of reaching a desired destination as quickly as possible. However,
during the time you have been gone, some paths may have been closed off
or your memory might even be playing tricks on you. To devise an optimal
plan, you must account for the possibility of such suprises.

In Operations Research, a serious (sub)task is to route a single internet
package to a destination while minimizing the time for the message to arrive.
The world-wide network of servers defines an ever-changing graph which
may very well differ from a broadcaster’s current image of it. A policy must
therefore be developed that allows the message to be dynamically rerouted
as more of the network’s present status is revealed.

Aiming to save yourself a couple of minutes driving time, you contem-
plate taking a shortcut through a forest region. You carry with yourself a
map but you’re not sure that it is entirely reliable. The road conditions
might for instance not be the best and you could even end up having to
backtrack to the very location that you started at.

In modern real-time strategy (RTS) games, regions not yet seen by a
unit under a player’s control are hidden to the player by something called
“fog of war.” A typical operation in such a game is to navigate, as quickly
as possible, a given unit to a chosen location. In modern computer games,

1



Chapter 1. Introduction 1.0

path-finding algorithms are employed to solve such problems. This is done
either by revealing the map to the unit for computing a plan or by producing
an estimated plan by treating unknown regions as having a predefined cost
to traverse. Consider now the task of optimally solving this problem given
a probability distribution of what the hidden regions might be.

All of these problems can be phrased as navigation problems in graphs
that are only partially known in advance and are revealed while navigating
the graph. For the problems to be well-defined, however, one must choose a
model for the unknown. Two of the most popular contemporary models in
Computer Science are the worst-case and the average-case models. In the
first, we evaluate our strategy by considering its performance in the case for
which its performance is the worst. In the second, we assume, fix, or are
given a distribution over the possible cases and evaluate the policy’s expected
performance. In this study, we shall concern ourselves primarily with the
second kind. Under such assumptions, we will show that generalizations of
the problems mentioned above are so called PSPACE-complete, and a host
of similar results.

The problem of being given a graph as input, where each edge is asso-
ciated with a probability of being in the realization independent of what
other edges are in the realization is known as the stochastic version of the
Canadian Traveller Problem (CTP) in Theoretical Computer Science
and as the Edge-Independent Stochastic Shortest Path Problem
with Recourse (i-SSPPR)1 in Operations Research, Machine Learning,
and Robotics [15, 10, 1]. We’ll return to these problems to give a more
thorough explanation in the following sections and in Chapter 3.

Even if a problem is not known to have an efficient algorithm today,
one may very well be discovered in the future. In Computer Science, one is
therefore not only interested in finding efficient algorithms but also to prove
whether or not one actually exists, regardless of how we might find one.

SCTP is known to be P#P-hard, which is widely believed to imply that
there is no algorithm solving the problem and running in time bounded by
a polynomial in the size of the input. On the other hand, the problem is
also known to be PSPACE-easy and can therefore be solved by an algo-
rithm with a polynomial amount of space and unbounded time. Whether or
not the problem is #P-easy, PSPACE-hard, or something inbetween, was
previously not known. We settle this question by showing that the problem
is PSPACE-hard. This makes it slightly less likely that our problem can
be solved efficiently and may contribute to the more interesting unresolved
question of whether or not there is an efficient approximation algorithm for
the problem.

1The (Stochastic) Shortest Path (Problem) with Recourse has in the literature
been acronymed SPR, SSPR, SPPR, and i-SSPPR.
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1.1 A Natural Predicament

Figure 1.1: A problem of partial observability: should we go from ‘s’ to ‘a’ or to
‘b’ in order to minimize our expected travel cost to reach ‘t’?

s t
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b

30 min

10 min

15 min 70%:15 min

Figure 1.2: A more complicated problem of partial observability. The optimal con-
tinuation from ‘a’ depends on the particular walk taken to ‘a’ and the observations
made along the way.
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1.1 A Natural Predicament

Consider Figure 1.1. A searcher wishes to travel from city s to city t sepa-
rated by a forest. The searcher is presented with a reliable path through a,
and a less reliable path through b. The latter path may be more expensive
than suspected, or blocked entirely, because, e.g. it is not known where the
path leads, the path may occasionally be unavailable, or the road conditions
vary from day to day.

We represent the unreliable road here as an edge that has a certain
probability of being in the graph. The searcher won’t find out whether the
edge is in the graph or not until she reaches one of the endpoints.

If the searcher chooses to take the road through the forest, she will first
have to pay 15 minutes to arrive at b. Once at b, she will find out whether or
not the edge {b, t} is traversable. If the edge is in the graph, she completes
her journey by paying another 15 minutes. If the edge is not traversable,
the searcher will have to backtrack to s and take the path through a; paying
a total of 15 + 15 + 30 + 10 = 70 minutes.

For this simple example, we find the solution by comparing the expected
costs of the two alternatives. Going through a costs 40 minutes. Going
through b costs, in expectation, 15 + 0.7 · 15 + 0.3 · (15 + 30 + 10) = 42
minutes. Hence we conclude that the shortcut is not beneficial for a one-
shot navigation.

3



Chapter 1. Introduction 1.2

Let us make the example slightly more complicated by introducing an
unreliable edge between a and b. This road serves as a backup for b – if
{b, t} fails, then the searcher may, with probability 60%, go through a for a
cost of 10 + 30 = 40; a 15 minute discount over backtracking to the start.

The two examples given above are instances of the stochastic variant
of the Canadian Traveller Problem (CTP), as well as the undirected
variant of i-SSPPR. We will call this the Stochastic Canadian Trav-
eller Problem (SCTP) and it will be the chief topic of this study. In the
stochastic variant, each edge is given a probability of being in the graph and
the event that an edge is in the graph is independent of the events of all
other edges.

1.2 Outline

The structure of the remainder of this thesis is as follows. In Chapter 2, we
give an introduction to the topics that this thesis builds on. We define some
simple relations and the notation that we will use. The last section of this
chapter presents Quantified Satisfiability and Stochastic Satisfia-
bility, two problems that we will frequently refer to. This chapter has been
written with the aim that undergraduate students should be able to follow
the main ideas of the thesis. Complexity theorists can safely skip everything
except the final section of this chapter.

In Chapter 3, we will define the problems that we will be studying and
highlight some of the variants of them. In particular, we will argue that there
are two different versions of the problem that go under the same name. We
also summarize the work that has been done on the problems so far.

The three result chapters, Chapters 4 through 6, are considerable heavier
(and more interesting) the the former ones and all follow the same template.
We first present what it is that we want to show, some useful definitions, and
what is currently known. This is followed by an intuitive idea of the proof,
a definition of a reduction, some figures with concrete examples of what
the reduction will produce, and finally a proof which involves the defined
reduction.

In the first of the results chapters, Chapter 4, we show that SCTP and
the two versions of i-SSPPR are PSPACE-complete. This proof, like the
following ones, merely involve a careful choice of a reduction and extensive
application of elementary algebra. The result, as well as the proof, should
serve as an essential stepping stone for lower and upper bounds on approx-
imability.

We mention a different variant of i-SSPPR in Chapter 5. This variant
is known to be NP-hard. We consider the generalization of this problem to
Markov chains and show that this problem can not be approximated within
any exponential-polynomial function (2n

O(1)
). This should be somewhat bad
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1.2 Outline

news as far as using SSPPR for e.g. routing goes. It may also provide some
insight regarding whether or not SCTP is difficult to approximate.

The results chapers are concluded by Chapter 6, where we present a
reduction which, under standard assumptions, rules out any descriptions for
SCTP which can be interpreted in polynomial time. The idea of the proof
in this chapter is to construct an algorithm for a PSPACE-hard language
L by constructing, for each n, an SCTP-instance of size polynomial in n
which contains every instance of L of size n as a subcase of the constructed
instance. We believe this is a rather

In Chapter 7, we will reflect on our findings and the numberous questions
that still remain unanswered. This chapter should contain many research
directions, some of which might even be suitable undergrads.
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CHAPTER 2

Background

We assume that the reader is familiar with elementary algorithm theory,
complexity theory, and graph theory. We do try to review all of the necessary
topics in this chapter, but the reader is strongly encouraged to consult the
proper literature for a more thorough coverage. Complexity Theorists may
safely skip this chapter at their own discretion.

2.1 Sets and Sequences

With (n], integer n ≥ 0, we refer to the set {1, . . . , n}. This is typically
written [n] but as this notation is also used for {0, . . . , n − 1}, we shall
reserve (n] for the former meaning and [n) for the latter.

For a finite set A = (a1, . . . , an) , the Cartesian product Ak is the set
of k-tuples with elements from A. Similarily, A(k) is defined as the set of
subsets of A of size precisely k. The Kleene star operation on a set A is the
union for all k of the Cartesian product, A? =

⋃
k A

k. If A is an alphabet,
then A? is the set of all strings of the language of finite length. The powerset
of a set A, denoted P(A) or 2A, is the set of all subsets of A.

With {f(i)}i∈A, for some expression f(i), we refer to the set of val-
ues that f(i) attains for some value i ∈ A. We may omit A and assume
it implicit, e.g. ranging over the set of values i for which f(i) is defined.
minarg{f(x) | x ∈ A} shall be the set of elements of A that attains the
smallest value of f(x) amongst all values in A. minarg is also often defined
as an arbitrary element in this set rather than the set itself.

In particular, the empty set {} shall be denoted b ∅, the set of nonneg-
ative integers {0, 1, 2, . . . } by N, the set of integers {0, 1,−1, 2,−2, . . . } by
Z, and the set of rationals Q = {p/q | p, q ∈ Z}. [x, y] shall denote the set

7



Chapter 2. Background 2.3

of reals inclusively from x to y.

2.2 Graphs

A graph G is a tuple (V,E) where V is the set of vertices and E the set of
edges. ForG = (V,E) we shall let V (G) = V be the vertex set and E(G) = E
the edge set. The notation of the edge set should not be confused with the
expectation of random variables E[X]. The order of a graph, |G|, is its
number of vertices and the size of a graph, ||G||, is the number of edges it
contains. Formally, |G| = |V (G)| and ||G|| = |E(G)|. For a directed graph,
E ⊆ V 2 and for an undirected simple graph, E ⊆ V (2). With NG(v), we
refer to the set of vertices that v has an edge to and is called the neighbours
of v.

Typical properties of graphs holds up to isomorphism. In other words,
a typical property holds for G if and only if the property also holds in every
graph G′ that we get by, for each vertex of G, replacing it with some other
object, no object being used to replace two distinct vertices. For this reason,
one typically only specifies the order of the graph and allows the vertices to
be some arbitrary set of size n, such as (n].

The empty graph of order n is the graph on n vertices without any edges.
The empty graph is the empty graph of order 0, (∅, ∅).

If G′ = (V ′, E′) is a subgraph of G = (V,E), written H ⊆ G, then
V ′ ⊆ V and E′ ⊆ E and all endpoints of E′ are in V ′. A vertex-induced
subgraph G′ of G is a subgraph which contains every edge of G such that
both endpoints are in G′. A spanning subgraph is one where V ′ = V . Hence,
only G itself is the spanning induced subgraph of G.

We are particularly interested in the family of graphs called paths. An
(open) walk is a graph that can be written (x1, . . . , xk) for some x1, . . . , xk
such that the vertices of the graph is {xi}i and the set of edges is
{x1, x2}, {x2, x3}, . . . , {xk−1, xk}. If, additionally, each vertex appears ex-
actly once, then the walk is called an (open) path.

A weighted graph is a graph with a weight function associating edges to,
in this study, nonnegative rationals. The weight of an edge, w(u, v), is also
called the cost of the edge. The cost of a path, c((x1, . . . , xn)), is the sum of
edge weights and, following Karger and Nikolova [10], the length of a path
is the number of edges it contains. We shall allow edges to have a weight of
0 but will not introduce new edges of this cost in our proofs.

2.3 Random Graphs

A (discrete) probability space consists of a countable set Ω, called the out-
comes, and a function P , called the probability function. The probability
function maps subsets of Ω to reals between 0 and 1 and it must hold that

8



2.3 Random Graphs

Figure 2.1: The random graph G4,0.5.
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Figure 2.2: Three realizations of the random graph G4,0.5.

12

3 4

1

1

1

12

3 4

1

1

12

3 4

1

1

1

P (Ω) = 1, P (Ω\A) = 1 − P (A), 0 ≤ P (A) ≤ 1 for every A ⊆ Ω, and
P (A+B) = P (A) + P (B) for disjoint sets A,B ⊆ Ω.

A random variable is a mapping from the outcomes of a probability space
to some set, typically the reals. In turn, one may speak one probabilities
that the random variable attains a certain value, its mean (expectation),
and so on.

A random graph of order n is a probability space that has as outcomes
(also called realizations) undirected simple graphs on (n]. We shall call
e ∈ (n](2) for a probabilistic edge of a random graph if e has a non-zero
probability of being in the realization. With, a realized edge or simply an
edge, we shall refer to an edge in a particular realization. A weighted random
graph is also called a random or stochastic network [1, 17].

A random graph model is a parameterized family of random graphs. The
most well-known of these is the classical Erdös-Rényi model, Gn,p. In the
Erdös-Rényi model, each e ∈ (n](2) has probability p of being in the graph,
independent of all other elements of (n](2).

An example of a random graph, G4,0.5, is seen in Figure 2.1. Each of the(
4
2

)
= 6 probabilistic edges is independently in the graph with probability

50%. There are 2(4
2) = 64 possible realizations, each one equally likely.

Three of them are given in Figure 2.2.
In the Bernoulli model, G(n, {pe}e∈(n](2)), each probabilistic edge e ∈

(n](2) has its own associated probability pe. This is the first of the two
random graph models that we will consider as inputs to our problems.

9



Chapter 2. Background 2.5

In the second model, the probability of each outcome with non-zero
probability must be explicitly given. Note that this model is able to represent
any distribution but may have a longer description of a distribution than
the Bernoulli model has.

2.4 Computational Problems

A decision problem maps the set of inputs, or instances, to ‘yes’ or ‘no’,
and is completely characterized by the set L of instances for which the
answer is ‘yes’. If an instance I ∈ I is in L, then I is called a positive
instance and otherwise a negative instance. The set L is called a language.

Typically, L is defined a subset of an input language where the input
language is usually either the set of nonnegative integers, or the set Σ? for
some input alphabet Σ or a subset of the integers. If it is easy enough to
distinguish whether x ∈ Σ? is in I, then we may without further care call
I the input language. In other cases, that x is in I is called a promise. For
the problems we shall study, it is easy to check in polynomial time whether
a given input encodes a valid instance and we shall therefore pay no respect
to the input language.

A search problem (or function problem) allows a greater set of outputs
than ‘yes’ and ‘no’. For instance, a decision version of the Shortest
Path Problem is given an upper bound on the cost of the path and answers
whether or not this bound is achievable. A search version of the same
problem could instead have the task of outputting a shortest path.

2.5 Algorithms

An algorithm A describes operations that a hypothetical machine can exe-
cute in order to compute an answer A(I) to an instance I ∈ I. An algorithm
A solves a problem P (decides a language L) iff, for every instance I ∈ IP ,
the algorithm takes some finite number of steps and produces the output
A(I) = P (I) (outputs ‘yes’ if I ∈ LP ).

Associated to an algorithm is a number of resource functions, or com-
plexity measures, mapping instances to the amount of resources used by the
machine in order to compute the answer. Of particular interest is the total
time (number of elementary operations) used and the maximum used space
(bits stored) at any point. We shall let TA(I) denote the total units of time
used by algorithm A to compute the answer to instance I, called the time
complexity of A, and SA(I) the greatest number of bits used at any time by
algorithm A to compute the answer to instance I, called the space complexity
of A.

To assist the analysis of algorithms, one chooses a suitable level of gran-
ularity of the functions describing complexity measures. The first typical
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2.6 Algorithms

assumption is to study an algorithm’s worst-case complexity. The worst-
case complexity fA of an algorithm A with complexity measure Φ (such as
TA) is defined as fA(n) = max{Φ(I) : |I| ≤ n}. The size |I| of an instance
I ∈ IA can be defined, for example, as the number of bits used to encode
the instance (preferred for complexity-theoretical results) or the number of
vertices of the input graph (preferred for analyzing graph algorithms).

In addition to considering only the greatest amount of resources used by
instances of a particular size, one typically restricts high-level studies to the
growth of the resources used as a function of the size of the instance. For this,
one usually employs big-oh notation for upper bounds or big-omega notation
for lower bounds. We’ll give an example of this simplification below.

The last simplification that will be of interest to us is to restrict the
question of the efficiency of an algorithm to whether or not the algorithm
runs, in the worst case, in polynomial time or polynomial space.

The task of the Shortest Path Problem is to compute the cost of the
shortest path(s) in a given weighted graph from a given vertex to a given
vertex. This can be phrased as a decision problem by asking whether the
cost is less than or equal to a value.

One of the most well-known algorithms for computing the cost of a short-
est path is Dijkstra’s algorithm, paraphrased in Figure 2.3. In the uniform-
cost model, we charge one unit of time for each elementary operation. A
näıve implementation of the algorithm might have a time complexity of
T (I) = 4 + 6.5|VI | + 1.5|VI |2 + 2|EI |. A worst-case complexity of T (I)
with respect to the number of vertices is f(n) = 4 + 5.5n + 2.5n2 since
|EI | =

(|Vi|
2

)
in the worst case. The order of growth can be summarized

as O(n2) and Ω(n2). This order of growth is optimal with respect to the
number of vertices. With respect to both the number of vertices and the
number of edges, the complexity is O(|V |2 + |E|). By using a Fibonacci heap
to implement the ’minarg{distance[u] | u ∈ U}’ operation, the complexity
drops to O(|E|+ |V | log |V |).

Our study will interest itself with extending the Shortest Path Prob-
lem to random graphs where edges are revealed only upon reaching end-
points. In the Shortest Path Problem, one never needs to visit the same
vertex twice; if one had, one could produce a path no longer by removing a
subpath that starts and ends at such a vertex. In the partial observability
case, an optimal strategy may involve visiting the same vertex more than
once, assuming each visit has a different set of revealed edges. For this rea-
son, the best strategy for going from s to t in a partially observable graph is
not necessarily described by a path, but by a walk. Nevertheless, following
the contemporary naming convention we shall not stress this distinction.

11



Chapter 2. Background 2.6

Figure 2.3: Dijkstra’s algorithm for computing the cost of shortest paths.
Dijkstra-Shortest-Path(G,w, s, t)

1 for each v in V [G]
2 do distance[v]←∞
3 distance[s]← 0
4 U ← V (G)
5 while |U | > 0
6 do v ← minarg{distance[u] | u ∈ U}
7 U ← U − {v}
8 for each u in NG(v)
9 do distance[u]← min(distance[u], distance[v] + w(v, u))

10 return distance[t]

2.6 Complexity Theory

In Complexity Theory, problems are categorized by their difficulty. A (com-
plexity) class is a set of problems and, more specifically, usually sets of
decision problems. Of particular importance is the class P, the set of deci-
sion problems that can be solved in polynomial time by a Turing machine
or a modern personal computer with unbounded memory.

The main tool for showing that a problem is easy or difficult is the
reduction. A reduction of a problem P to a problem Q substitutes the task
of solving an instance of P with the task of solving one or more instances of
Q. If Q can be solved efficiently, then so can P . Likewise, if P is known to
be difficult to solve and P is reducible to Q, then Q must also be difficult
to solve.

A problem P is polynomial-time Karp-reducible, also called polynomial-
time many-one reducible, to a problem Q if there exists a polynomial-time
algorithm A which given an instance I ∈ IP produces an instance A(I) ∈ IQ
such that the answer to the instance A(I) is the same as the answer to Q.
In other words, Q(A(I)) = P (I) for every I ∈ IP for some polynomial-time
algorithm A. That P is many-one-reducible to Q is written P ≤m Q. A
class C is closed under reduction ≤R if that Q ∈ C and P ≤R Q implies
P ∈ C.

A polynomial-time Turing-reduction, also called a one-to-one reduction,
from a problem P to a problem Q is a polynomial-time algorithm solving Q
with access to a special operation that answers instances to P in constant
time.

A search problem P is self-reducible if there is a polynomial-time Turing-
reduction to P from the language of pairs of input and output of P . In other
words, if P is self-reducible, then we we can reduce the task of finding an
acceptable output for an instance of P to the problem of deciding whether

12
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a given output would be acceptable. The task of computing the cost of a
shortest path, and the cost problems of our study, are self-reducible: the
cost can be written as a fraction where the numerator and denominator are
bounded by a polynomial times 2N where N is the size of the input. We
can for this reason find the cost of the shortest path with a binary search in
polynomial time using the decision version: “is the cost less than x?”

2.7 Complexity Classes

The class NP is the set of problems that can be solved in polynomial time
by a machine that, in addition to the regular operations, in each step can
“guess” a bit 0 or 1 and outputs ‘yes’ iff at least one assignment of the
guesses makes the algorithm accept the instance. Equivalently, it is the
set of problems that can be solved by first guessing a “proof” (guessing a
witness) of polynomial length that the instance is posititive and then verify
the proof in polynomial time. More formally,

NP = {L | ∃k∃R∈P(x ∈ L iff ∃y |y| ≤ |x|k and (x, y) ∈ R)}.

A problem L is called C-easy if the problem is in the class C. If a problem
L is C-hard with respect to the reduction f , then every problem in C is f -
reducible to L, i.e. every problem in C is a special case of L. A problem
that is both easy and hard with respect to C is called C-complete. These
are the “hardest” problems in C since they are at least as hard as any other
problem in C.

A canonical NP-complete problem is the Satisfiability problem (SAT).
The Satisfiability Problem asks us to determine whether or not a set of vari-
ables can be set to ‘true’ or ‘false’ to make a given quantifier-free boolean
formula evaluate to true. The formula is given in conjunctive normal form,
i.e. the formula is a conjunction (“all must be true”) of disjunctive clauses
(“at least one must be true”) of variables or the negation of variables. A
variable that appears in a clause and which may be negated will be called
a literal. The following boolean formula would be a positive (true) instance
of this problem. Here, ‘∃’ stands for choosing a value,‘∧’ stands for “and”,
‘∨’ for “or”, ‘¬’ for “not”, and ‘xi’ is a variable.

∃x1∃x2∃x3(x1 ∨ x2) ∧ (¬x1 ∨ x3) ∧ (x1 ∨ ¬x3) ∧ (¬x2 ∨ x3) ∧ ¬x2

A proof that this formula is positive would be to set x3 to true and x1 and
x2 to false. The proof can be verified in polynomial time by inserting and
evaluating these values. We will present a generalization of this problem
later in this chapter. This generalization shall play a significant role in this
thesis.

The complement class coC of a class C is the set of all languages L such
that the complement of L is in C. In other words, the positive and the

13



Chapter 2. Background 2.8

negative instances are interchanged. The complement of P is P itself since
a polynomial-time algorithm can simply exchange the answers ‘yes’ and
‘no’. The same argument does not work for NP as we in the definition
said that the answer is ‘yes’ iff some assignment of the guesses produces
a ‘yes’ answer. At the time of writing, it is not known whether or not
NP = coNP. A canonical problem for coNP is the Tautology Problem
(also called ∀-SAT1): given a boolean formula in prenex normal form with
only universal quantifiers, does the expression evaluate to true? With a
universal quantifier, we mean that every choice of the variable is tested and
the formula is satisfiable if and only if every choice satisfies the formula.

PSPACE (polynomial space) is the set of problems that can be solved
by a Turing machine restricted to a polynomial amount of memory and
unbounded time. It is easy to show that the most amount of time needed is
2p(n) if the space is bounded by the polynomial p(n).

#P (counting polynomial time), pronounced sharp-P, is the set of prob-
lems for which there is a nondeteterministic Turing machine such that the
number of accepting paths of the guesses equals the answer of the problem
instance. Equivalently, if there is a k and R ∈ P such that the answer to
our question equals the number of y, |y| ≤ nk, for which (x, y) ∈ R. #P is
a class of function problems or search problems. In other words, we do not
restrict the output to ‘yes’ or ‘no’ but may instead demand answers such
a specific number or a graph with a certain propery. To recast #P as a class
of decision problems, it can serve as a so called oracle for a polynomial time
machine. This class is called P#P and is a subset of PSPACE. One of
the great results of computer science is that the entire so called polynomial
hiearchy is contained in this class even if we’re only allowed to ask this oracle
a single question!

The class P/poly (polynomial time with polynomial advice) is the set of
problems that can be solved if you have a (possibly) different polynomial-
time algorithm for every size of the input. This gives the model the power to
even solve some otherwise unsolvable problems. Owing to the polynomially-
bounded resources however, it is not even known whether this class contains
NP.

2.8 Approximability

If we know that we most likely won’t find an efficient enough algorithm
that exactly solves one of our problems, we might instead turn our attention
to algorithms that approximately solve the problem. In this study, we will
consider so called ρ-approximation for minimization problems. We shall call
an algorithm for an f(n)-approximation algorithm if the algorithm runs in
polynomial time and always produces a solution that costs at most f(n)
times the minimum cost among all solutions.
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In addition to developing practical approximation algorithms, computer
scientists are interested For instance, having found a 3-approximation algo-
rithm, is there also a 2-approximation or have we done as well as we can?
Results that show that there are no approximation algorithms typically do
so by showing that if the said algorithm existed, then it could be used for
solving hard problems exactly. For instance, if we had a 2-approximation
algorithm for the Traveling Salesperson Problem, then we could solve
Hamiltonian Cycle by taking an arbitrary instance to Hamiltonian Cy-
cleand reducing it to an instance of TSP by making each edge in the graph
cost one and add the missing edges with cost n + 2. If the input graph
had a Hamiltonian cycle, then the cheapest TSP of the new graph would be
n. A 2-approximation algorithm is guaranteed to return a solution within
2 times the optimal. However, using any of the edges that did not exist
in the Hamiltonian Cycle instance would produce a solution of cost at
least 2n + 1. We can therefore decide the existence of a Hamiltonian cycle
solely on the answer of the approximation algorithm. A similar argument
can be made for every constant strictly greater than zero which means that
TSP cannot be approximated within any constant (greater than 1) unless
P = NP.

2.9 PSPACE-hard Satisfiability Problems

We will now define some satisfiability problems that will be used in our
reductions. The reductions will primarily be from Quantified Satisfia-
bility (QSAT) but may most naturally be seen as reductions from a variant
of the Stochastic Satisfiability (SSAT) problem.

Informally, instances to Quantified Satisfiability (QSAT), also known
as True Quantified Boolean Formula (TQBF), are boolean formulas
in conjunctive normal form over some number of variables. The variables
can be seen as chosen by two competing agents. The first agent, call him
Existential, tries to make the formula true and the second, Universal, tries
make the formula false. The variables are numbered and processed from the
first to the last. For odd numbers, Existential chooses whether the variable
is set to true or false, and for even numbers, Universal makes the decision.
The two agents are aware of assignments the other agent has done before
them. The QSAT instance has the answer ‘yes’ if and only if Existential has
a strategy for setting the the variables such that no matter how Universal
chooses his variables, the boolean formula is satisfied. We call Existential’s
choices for existential quantifiers (∃) and call Universal’s for universal quan-
tifiers (∀).

Definition 2.1 (Exactly-3 Quantified Satisfiability (E3QSAT)). An
instance to QSAT consists of (in unary) n, the number of variables, m, the
number of clauses, and 6m integers defining the clauses. We shall assume
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Chapter 2. Background 2.9

that these 6m clauses are six-tuples (ci,1, ci,2, ci,3, si,1, si,2, s3,i) where ci,j
denotes the index of the j:th literal in the i:th clause and si,j is ‘0’ if the
literal is positive and ‘1’ if it is negative. For instance, (3, 1, 4, 0, 1, 1) could
represent ¬x3 ∨ x1 ∨ ¬x4, where ‘¬’ stand for negation. As usual, the odd-
indexed variables shall be chosen by existential quantifiers and the even-
indexed by universal quantifiers.
Output: ’accept’ if the encoded formula evaluates as true, and otherwise
’reject’.

Without loss of generality, we shall assume that n is even for this and
the following definitions of this section.

Fact 1. E3QSAT is PSPACE-complete.

Definition 2.2 (Exactly-3 Stochastic Satisfiability(E3SSAT)). This
problem is similar to QSAT but instead of having universal quantifiers, where
a “worst” choice is made, randomized quantifiers are used, where a random
truth value is selected.

The task is to compute whether the probability that the formula is satisfi-
able is at least 1/2. Note that probability is 1 if and only if the corresponding
QSAT instance is satisfiable.
Instance: the same as for QSAT but here even-indexed variables are chosen
at random.
Output: ’accept’ if the encoded formula evaluates as true, and otherwise
’reject’.

Definition 2.3 (E3SSAT’). Exactly-3 SSAT’ [14] is a variant of E3SSAT.
All quantifiers are existential but every second quantifier has true and false
independently “disabled” with respective probability 1/2 and cannot be cho-
sen. If both choices are disabled, which happens with probability 1/4, then
the realized formula is unsatisfiable.

We see that an E3SSAT’ instance with n quantifiers has a satisfiability
probability of at most (3/4)bn/2c, and the probability is (3/4)bn/2c precisely
when the corresponding QSAT instance is satisfiable.

In the original definition, an instance is positive if and only if the prob-
ability of a satisfying assignment is greater than 1/2. We shall concern
ourselves only with the question of whether or not the probability of a satis-
fying assignment is (3/4)bn/2c which, because of the comment of the previous
paragraph, corresponds to deciding whether QSAT instances are satisfiable
and hence the problem is PSPACE-hard.
Instance: the same as QSAT but now even-indexed variables are existential
quantifiers where the choices 0 and 1 have independently been disabled with
probability 0.5. If, for any variable, 0 and 1 have both been disabled, then
the instance is treated as ‘not satisfied.’
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CHAPTER 3

The Stochastic Canadian Traveller Problem

In this chapter, we define the Stochastic Canadian Traveller Prob-
lem, compare the two different definitions of the Edge-Independent Stochas-
tic Shortest Path Problem with Recourse, and summarize the re-
sults known for these problems and the techniques that we will use.

3.1 Problem Definition

We define below the stochastic variant of the Canadian Traveller Prob-
lem, which is also one of the definitions of the Edge-Independent Stochas-
tic Shortest Path Problem with Recourse on undirected graphs.

Definition 3.1 (Stochastic Canadian Traveller Problem (SCTP)).
An instance I = (G, c, p, s, t) to SCTP consists of an undirected (random)
graph G = (V, V (2)) with edge costs c : V (2) 7→ Q, edge probabilities p :
V (2) 7→ Q ∩ [0, 1], a source vertex s ∈ V , and a target vertex v ∈ V .

A policy, or strategy, to navigate the instance maps a location and ob-
servations made about which edges are in the realization to the vertex to
go to next. Formally, π : V × P(V (2)) × P(V (2)) 7→ V . The probability
of observing an edge {v, w} when arriving at a vertex v is 0 if v or w has
been visited before but {v, w} has not been observed, 1 if the edge has been
observed, and otherwise p{v,w}.

For an instance I and policy π, call the random path taken in instance
I for Xπ = (Xπ

0 , . . . , X
π
T−1, X

π
T , X

π
T , . . . ) where T is the first time the target

t is reached. To simplify analysis, we shall assume T ∈ N and that the path
visits t indefinitely from time T and onwards for a cost of 0 per transition.

The cost of a policy is given by c(π, I) = E[c(Xπ)] = E[w(Xπ
0 , X

π
1 ) +

w(Xπ
1 , X

π
2 )+ · · ·+w(Xπ

T−1, X
π
T )] where w(u, v) is the cost of the edge {u, v}.
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Chapter 3. The Stochastic Canadian Traveller Problem 3.2

Figure 3.1: An SCTP instance with no optimal policy from s to t that follows a
tentative path and reroutes only upon finding that the path fails.
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Let Π∗I = {π∗ | c(π∗, I) = maxπ c(π, I)} be the set of optimal policies for I.
The task of the Stochastic Canadian Traveller Problemis to com-
pute the expected cost of the optimal policies. The complexity of computing
a description of an optimal policy will be addressed in Chapter 6.

With (x0, . . . , xk)[i : j], 0 ≤ i ≤ j ≤ k, we shall refer to the subpath
(xi, . . . , xj). In particular, we have Xπ = Xπ[0 :∞].

3.2 Two Definitions of i-SSPPR

In the literature, there are two different definitions of the Edge-Independent
Stochastic Shortest Path Problem with Recourse. This is prob-
ably because i-SSPPR is a generalization of the Stochastic Shortest
Path Problemand because of the techniques that were used for stochastic
problems at the time the problem was introduced [1].

In the first definition of i-SSPPR [1], the searcher is required to choose
a tentative probabilistic path and follow it until either the target is reached
or one of the probabilistic edges of the path fails. Only upon failure of the
tentative path is the searcher allowed to choose a new path. We assume
that a probabilistic edge that fails should have had a prior non-zero prob-
ability. The other definition, used e.g. by Polychronopoulos and Tsitsiklis
[17], allows the searcher to take into account new information at any point of
the traversal. This latter definition agrees with the definition of (directed)
SCTP.

Figure 3.1 proves that the two definitions of i-SSPPR are not equivalent.
The optimal SCTP policy of this graph is to go from s to h, and continue to
l if {h, r} is in the graph and otherwise backtrack to s. The expected cost
of this policy is 1 + 0.5(1 + 240) + 0.5 · (64 + 64 + 0.25(128 + 64 + 1 + 240)) =
240− 3/8. A policy that may only reroute upon failure of a tentative path
has a minimum cost of 240.

18



3.3 Previous Work

The remaining of our proofs will be given for the SCTP definition, but
our results apply also for the path-rerouting definition. To see this, consider
any of our proofs and

relatively cheap edges with relatively small probability to the vertices
where we want decisions to be made. The failure of these edges guarantees
that the choices can be made. For approximability and competitive-ratio
analysis, one may have to pay greater care to respect this distinction.

Owing to the following lemma, we shall in this study not concern our-
selves with whether or not the optimal policies we consider are of polynomial
length.

Lemma 3.1. There is a polynomial p such that for every SCTP instance I
with edges of cost strictly greater than 0 and optimal policy of I, the target
is reached within p(|I|) steps. For instances with edges of cost 0 or greater,
there is at least one optimal policy with this restriction.

Proof. Consider the sequence in which vertices are visited for the first time.
This sequence is of length at most |V |. Between two consequative new
vertices, a number of already visited vertices may be visited but no new
observations are made. In particular, there is an optimal path from the first
to the second vertex containing each vertex at most once. If each edge has
a cost strictly greater than 0, then every optimal path contains every vertex
at most once. Hence, the target can be reached within |V |3 steps for an
optimal policy.

3.3 Previous Work

Although we do not claim that CTP and SSPPR identifies core issues of
computation like for instance satisfiability does, CTP and SSPPR are nat-
ural optimization problems that often surface in practice. This is hinted
by the number of definitions and names that the problem is known as in
different fields. An overview of some of the different versions of SSPPR is
presented in and Provan [18]. Provan [18] also presents an efficient dynamic
programming algorithm for the Stochastic Shortest Path Problem
with Recourse and Resets (SSPPRR) (also called the stochastic version
of the Recoverable Canadian Traveller Problem or the Stochas-
tic Canadian Traveller Problem and Resampling). In this prob-
lem, the graph is resampled from the defined distribution after each of the
searcher’s steps. Owing to the memoryless property of this problem, one can
reduce the problem to a Markov Decision Process with polynomial horizon
and thereby show that SSPPRR is in P since such MDP’s can be solved in
polynomial time with linear programming [19]. Such a reduction was done
and empirically tested in Briggs, Scharstein, and Abbott [5] and [6], where
SSPPRR goes under the name Expected Shortest Path. Bar-Noy and
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Schieber [2] gave a particularly efficient algorithm for this problem in the,
natural, special case where every vertex has a self-loop with probability 1
and no more expensive than any other edge adjacent to that vertex. In other
words, instances where you can always “wait at a vertex” and “it is cheaper
to wait than to go to another vertex.” Karger and Nikolova [10] [13] notes
that, even without resampling, one may solve SSPPR in polynomial time
for instance where each vertex is visited at most once and instances that
consist of vertex-disjoint paths. The earliest stab at exact algorithms for
i-SSPPR was, arguably, taken by Polychronopoulos and Tsitsiklis [17].

The most well-studied problem for path finding in random graphs is the
Stochastic Shortest Path Problem. In Stochastic Shortest Path
Problem, you must select a path to follow in a graph where each edge cost
is a random variable. The goal can be for instance to minimize the expected
cost or minimizing the probability that the cost is above some threshold [4].
i-SSPPR differs from this problem in that you are allowed to update the
plan as you acquire information about the state of the graph.

In Operations Research, i-SSPPR was first introduced by Andreatta
and Romeo [1] and subsequently studied in Bertsekas and Tsitsiklis [3]. In
Theoretical Computer Science, the problem was defined by Papadimitriou
and Yannakakis [15]. Computational hardness results for the problem and
variants have primarily been pioneered by Papadimitriou and Yannakakis
[15], Bar-Noy and Schieber [2].

The topic which probably has been awarded the most attention for SCTP
has been the analysis of bounds on the competitive ratios for polynomial-
time and unbounded policies. In the competitive ratio variant of the prob-
lem, one wishes to minimize the ratio of the cost of an (online) policy, which
traverses the graph without (initially) knowing the realization, to the cost
of an (offline) policy, which knows the realization in advance. A constant-
factor approximation algorithm for such a problem would ensure that you’re
always at most some c times worse than the optimal online policy, which in
turn is some unknown number of times worse than the offline policy. The
work done on SCTP in relation to this has been to explore parametrized
upper and lower bounds ensuring the existence or inexistence of an online
policy that is always at most some k times worse than the offline policy.
Two very recent papers on this topic would be Westphal [20] and Xu, Hu,
Su, Zhu, and Zhu [21].
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CHAPTER 4

SCTP and i-SSPPR are PSPACE-complete

The competitive-ratio version of the Canadian Traveller Problemwas
proven PSPACE-complete in Papadimitriou and Yannakakis [15]. In fact,
it was noted that it is, within every constant, PSPACE-hard even to ap-
proximate CTP restricted to edges of cost 1 (Cardinality CTP). In the
same paper, proofs were given that SCTP and, implicitly, i-SSPPR are #P-
hard.

No progress has been made on the computational hardness of the orig-
inal problems since this publication. We present a logarithmic-space Karp-
reduction from QSAT to SCTP such that the QSAT instance is satisfiable if
and only if the expected cost of the SCTP instance is less than a particular
value. A similar proof can be constructed for e.g. MAX-CLAUSE SSAT.
The reduction is most easily seen as a reduction from QSAT to E3SSAT’
(defined in Section 2.9) which, in turn, is reduced to SCTP. If the QSAT
instance is satisfiable, then the “equivalent” E3SSAT’ instance is satisfiable
with probability (3/4)bn/2c, and if the QSAT instance is not, then the prob-
ability is at most 2−n(3bn/2c−1). We shall write E3SSAT’(x) for an instance
x to denote the probability that x is satisfiable.

4.1 Overview

In the next section, we give an intuitive idea about how the proof works.
We define the reduction R in Section 4.3 and show that it can be done
in logarithmic space and that the resulting instance is of polynomial size.
Section 4.4 contains the primary parts of the proof, which we present in the
form of a series of lemmas leading up to the main theorem.
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4.2 Proof Idea

See Figure 4.1 for the reduction graph for the ∀-QSAT instance ∀x1∃x2∀x3(x1∨
x2∨x3)∧(x̄1∨ x̄2∨x3). This instance can be turned into a ∃-QSAT instance
– which is the kind we have discussed up to now – by adding a dummy quan-
tifier. The graph has been split into five regions: A, B, C, D, and E. In our
explanations, we shall refer to this graph in order to make the arguments
easier to follow.

The idea behind the reduction is to construct a graph where the searcher
will have to choose a truth assignment by, for each variable of the QSAT
instance, taking one of three roughly equal paths (from xi to 0, 1, or 2, where
0 denotes ‘false’, 1 denotes ‘true’, and 2 causes unsatisfiability). Each
path will force the searcher to go through those vertices associated with the
clauses containing that particular assignment of the variable (two vertices
labelled ‘x̄i’, ‘xi’, or two unlabelled). For each clause, there will be an
edge leading to the target vertex with probability 7/8 (edges labelled ‘p:α’).
Whilst the searcher assigns the variables, such an edge will be too expensive
to follow, but if a certain event occurs, then it will become desirable to use
these edges (at d) .

After each clause has been visited, the searcher will have a choice between
going directly to the target, using a slightly more expensive edge (d to t),
or going to to the target through one of the clauses, using one of the above-
mentioned edges (d to r).

The decision is constructed in such a way that it will only be beneficial
to take the path through the clauses (d to r) if each clause is known to
have an edge to the target. This in turn requires that each clause has been
visited or, in other words, that an assignment satisfying the QSAT formula
has been chosen.

The bound on the expected cost is chosen such that the bound is achiev-
able if and only if the the clause alternative can be chosen (3/4)−n/2 of the
time, which is possible if and only if the QSAT instance is satisfiable.

To devise this setup, we will rely on probabilistic cheap edges to the
target (labelled ‘p:1’). Such edges can force a searcher to take an expensive
edge to a desired location. If the cheap edge isn’t in the graph, the searcher
will have to continue with the best policy from the new location which, here,
will not involve following the expensive edge back to the previous vertex.

4.3 Definition of the Reduction

We define a reduction R from E3SSAT’ to SCTP. For pragmatical reasons,
the reduction is only presented with a high-level description.

Given an QSAT instance I, we first add the clauses (x1∨¬x1)∧· · ·∧(xn∨
¬xn), which does not change the satisfiability of the instance. Let the result-
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Figure 4.1: Reduction graph for the QSAT instance ∀x1∃x2∀x3(x1 ∨ x2 ∨ x3) ∧
(x̄1 ∨ x̄2 ∨ x3). Edge costs of 1 and edge probabilities of 1 have been omitted.
Edge labels denote probability:cost. ε is 2−4m−7(m + 1)−6 = 1/23887872, p
is 1 − 2−m−2(m + 1)−2 = 1 − 1/144, α is (m + 1)2 = 9, and β = α + 3 + 3ε =
(m + 1)2 + 3 + 3 · 2−4m−7(m + 1)−6 = 12 + 1/17915904. Additional vertices and
edges of cost 0 added for clarity.
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ing instance, I ′, be (n,m, c1,1, c2,1, c3,1, c1,2, · · · , c3,m, s1,1, s2,1, s3,1, s1,2, · · · , s3,m).
Call the constructed instance R(I) to SCTP for (G, s, t, c, p, B). To recapit-
ulate, n is the number of variables, m the number of clauses, c1,1 through
c3,m describes the variables of the clauses and s1,1 through s3,m describes
what variables are negated. G is the graph we build, s the start vertex, t
the target vertex, c maps edges to their costs, p is a function mapping a
edge to its probability, and B is the bound on the expected cost.

Let α = (m+ 1)2, h = dlog2(16 + 4α)e, p = 1− 2−m−2/α, p̄ = 1− p, ε =
2p̄ 4α = 2−4m+7(m+ 1)−6, δ = εp̄ + 2εp̄ 2 + (2ε+ 1)p̄ 3, and β = α+ 3 + 3ε.

Vertices of G
The vertices of the undirected graph G are

• the “decision vertex” d, the clause choice vertex r, and the target
vertex t (region E),

• rj , clause alternative number 1 ≤ j ≤ m (region E),

• for each 1 ≤ i ≤ n:

– vi, representing xi, setting s = v1 (region A),

– v
(1)
i , v(0)

i , and v
(2)
i , representing, respectively, setting xi to true,

false, and neither (region B),
– ui,j,y for each 1 ≤ j ≤ m and y ∈ {0, 1, 2} (region C),
– and Hi,1, . . . ,Hi,h, where h = dlog2(16 + 4(m+ 1)2)e (region D),

We let Uk,j stand for the vertex representing the kth literal of the jth
clause, uck,j ,j,sk,j .

Edges of G, and associated costs c and probabilities p
Edges with cost 1 and probability 1 connect, where i ranges from 1 to n and
y ranges from 0 to 2,

• if i is odd, vi with v
(0)
i , v(1)

i , and v
(2)
i (region A to region B),

• v(y)
i with u1,1,y (region B to C),

• u1,j,y with u1,j+1,y for each 1 ≤ j < m (region C to C),

• u1,m,y with Hi (region C to D),

• rj with U3,j for every 1 ≤ j ≤ m (region D to A),

• Hh,i with vi+1 unless i = n, and Hh,n with d (region D to A and E).

In region E, add an edge from d to r with cost 1, an edge from r to t with
cost α+ 3 = (m+ 1)2 + 3, and an edge from d to t of cost β = α+ 3 + 3ε =
α + 3 + εp̄ + 1.5 · 2−mp̄ 3. Connect r to rj with cost 1 and probability 0.5
for each 1 ≤ j ≤ m.

For 1 ≤ i ≤ n,
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4.4 Definition of the Reduction

• if i is even, then the variable-vertex vi is connected to v(0)
i , v(1)

i , and
v

(2)
i with an edge of cost 1 and probability 0.5 (region A to B),

• for 1 ≤ j < h, Hi,j is connected to Hi,j+1 with an edge of cost 2j , and
to t with cost 1 and probability p = 1− 2−m−2(m+ 1)−2 (region D to
D),

• and Hi,3 is connected to t with an edge of cost α+ 1, only to simplify
the proof (region D to E).

For every clause j ∈ (m],

• U1,j , U2,j , and U3,j are connected to one another with edges of cost
ε = 2−m−1p̄ 3 = 2−4m−7(m+ 1)−6 (region C to C),

• t is connected to U1,j , U2,j , and U3,j with edges of cost α = (m + 1)2

and probability 0.5 (region C to E),

• and finally is r connected to U1,j with cost 1 and probability 0.5 (region
C to E).

Bound B

Let q = p̄ nh and θ = q + 1−q
p

(
m+ 2 + (1−2p̄ )h

1−2p̄

)
. We will, in Section 4.4,

prove that q is the probability for an optimal policy to reach d before t, and
that θ is the expected cost of the part of the taken path that does not pass
d. The bound B is defined as θ + q(α+ 3 + 3ε− (3/4)n/2(1− 2−m)ε).

Lemma 4.1. The function R can be computed in logarithmic space.

Proof. Our description utilizes no more than a constant number of indexes,
each one bounded linearly by n. To this comes a few implicit indexes and
constant memory aside from values. All values that are used can be written
as a rational numbers with absolute values of numerator and denominator
bounded exponential in n. In fact, besides β and edges of cost powers of 2,
the bound is polynomial. For β, the subtraction of 2−4m−1 can be done in
logarithmic space and likewise can 2j be written out with space logarithmic
in j. All in all, this demands no more than logarithmic space.

Lemma 4.2. |R(I)| is O(|I|k) for some k.

Proof. The reduction R(x) only produces a polynomial number of vertices
and, as said above, costs and probabilities, and the bound B can be written
as fractions of exponentially bounded values. Since |I| is Ω(n), the lemma
follows.
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4.4 PSPACE-hardness proof

We shall prove that every optimal policy visits the decision vertex d at time
τd = (m+h+ 2)n unless the target vertex is reached before this time. More
specifically, we shall show that every optimal policy chooses one of v(0)

i and
v

(1)
i from vi, and follows the path of length m+h+ 1 to Hi,h, and then goes

to vi+1. The exceptions to this being when i = n, for which Hn,h is followed
by d instead, when an edge of cost 1 to t is available, and when, for some i,
neither of v(0)

i and v
(1)
i are neighbors of vi, in which case the edge from vi

for the smallest such i is taken to Hi,1.
We will now show that every optimal policy follows, in instance I, the

path

zy,I = (v1, v
(y1)
1 , u1,1,y1 , u1,2,y1 , . . . , u1,m,y1 , H1,1, . . . ,H1,h,

v2, v
(y2)
2 , u2,1,y2 , u2,2,y2 , . . . , u2,m,y2 , H2,1, . . . ,H2,h,

. . . ,

vn, v
(yn)
n , un,1,yn , un,2,yn , . . . , un,m,yn , Hn,1, . . . ,Hn,h, d),

for some y1, . . . , yn ∈ {0, 1, 2} and where the index starts at 0. With p̄ we
shall refer to 1− p, the complement probability.

Lemma 4.3. For every instance I and optimal policy π∗ ∈ Π∗, with prob-
ability 1 there are y1, . . . , yn ∈ {0, 1, 2} such that Xπ∗ [0 : min(T − 1, τd)] =
zy,I [0 : min(T − 1, τd)].

Proof. Assume false. Following the assumption, let π∗ be an optimal policy
and τ = i(m + h + 2) + j, 0 ≤ j < m + h + 2, be the smallest integer
such that for every assignment of y1, . . . , yn to 0, 1, or 2, the probability
P (Xπ∗

τ = xτ 6= zτ ) is non-zero for some xτ 6= t.
Call π′ the policy that follows the path zy,I with y1 = · · · = yn = 2 and

goes from d to t. We will compare the expected costs of π′ and π∗ from
the time τ − 1. This cost is bounded from below by the cost of the shortest
path to the target t assuming that all remaining probabilistic edges are in
the graph.

There are four cases: an ε-edge was used to change layer (2 < j ≤ m+2),
an edge was followed backwards (hence xτ = zτ−2), the edge {U3,i, ri} was
used for some i, or an edge was followed backwards from Hi,1 to the last
xi-clause of a vertex of “the other” truth assignment (for some y, y′, y 6= y′,
vτ−2 = ui,n,y, vτ−1 = Hi,1, and xτ = ui,n,y′).

For all cases besides the first, we merely note that if the cost from vτ−1

in the best case is c, then the expected cost is E[c(Xπ′ [τ − 1 : T ])] ≤ c+ p̄ α
since the shortest path necessarily goes through Hi,j for some i, j. On the
other hand, E[c(Xπ∗ [τ − 1 : T ])] ≥ c+ 1 > c+ p̄ α.
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4.4 PSPACE-hardness proof

For the case of the ε-transitions, we note that

E[c(Xπ∗ [τ − 1 : T ])] ≥ m+ 4 + p̄+ 2p̄ 2 + 4p̄ 3 + ε− j.

By taking the simple strategy of testing Hi,1, Hi,2, and Hi,3 to see if there’s
an edge to t of cost 1 and taking the edge of cost α+ 1 from Hi,3 otherwise,
we know that

E[c(Xπ∗ [τ − 1 : T ])] ≤ m+ 4 + p̄+ 2p̄ 2 + 4p̄ 3 + αp̄ 4 − j.

Since αp̄ 4 < ε, this would contradict the assumption that π∗ is optimal.

Call q = p̄ nh and θ = q + 1−q
p

(
m+ 2 + (1−2p̄ )h

1−2p̄

)
.

Lemma 4.4. For every optimal policy π∗, the probability of reaching d before
t is q and the expected cost of the subpath Xπ∗ [0 : τd] is θ.

Proof. Using Lemma 4.3, we observe for the probability that

P (Xπ∗
τd

= d) = P ({H1,1, t}, {H1,2, t}, . . . , {Hn,h, t} /∈ E) = p̄ nh.

Proof. For the expected cost, consider an optimal policy and arbitrary y1, . . . , yn ∈
{0, 1}. Identifying terms, we have

E[c(Xπ∗ [0 : τd])] =
τd−1∑
k=0

P (T = k + 1)w(zk, t) +
τd−1∑
k=0

P (T > k + 1)w(zk, zk+1)

= P (T ≤ τd) +
n−1∑
i=0

m+h+1∑
j=0

P (T > (m+ h+ 2)i+ j)w(zj , zj+1)

= q +
n−1∑
i=0

p̄ ih
m+h+1∑
j=0

(2p̄ )max(0,j−m−2)

= q + p−1(1− q)
(
m+ 2 + (1− 2p̄ )−1((1− 2p̄ )h)

)
= θ.

Lemma 4.5. Consider the time τd when an optimal policy π∗ reaches d for
the first (and only) time. If, for every 1 ≤ j ≤ m, at least one of the edges
{U1,j , t}, {U2,j , t}, and {U3,j , t} has been observed being in the graph, then
the successor vertex of the policy is is r and otherwise t.

Proof. The vertex d has as neighbors only r, t, and Hn,h. The cost of the
edge {d, t} is β < α + 4 ≤ (m + 1)2 + 4 ≤ w(Hn,h, Hn,h−1), hence we may
rule Hn,h out as the next vertex.
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By Lemma 4.3, at time τd, none of the probabilistic edges {{r, rj}}j has
been revealed for an optimal policy. Hence there’s a probability of at least
2−m that none of the edges {{r, rj}}j is in the graph. The cost of going
from d to r in this event is α+ 3 + δ.

Assume, for the sake of contradiction, that an optimal policy π∗ chooses
to go to r even though, for some k, neither of {U1,k, t}, {U2,k, t}, and {U3,k, t}
has been observed having an edge to t. On top of the event that none of the
edges is available, there’s a probability of 2−m that {r, rk} is the only edge
in the graph among {{r, rj}}j . Were this to happen, the cost of going from
d to t through U3,k is at least α + 3 + εp̄ + 2εp̄ 2 + (2ε + 1)p̄ 3 = α + 3 + δ
since, in the best case, neither of U1,k, U2,k and U3,k has been visited before
and each one of the three edges has a probability p of being connected to t
with an edge of cost 1. Were neither of the vertices to have an edge to t,
then the policy must pay 1, in the best case, to follow an edge to a clause
which is known to have such an edge to t.

Hence, the expected cost of going from d through r to t if not every
clause is known to have an edge to t is at least α+ 3 + 2−m+1δ = α+ 3 + 2 ·
2−m(εp̄ + 2εp̄ 2 + (2ε+ 1)p̄ 3) ≥ α+ 3 + 2 · 2−mp̄ 3. This is not optimal since
β = α+ 3 + 3ε = α+ 3 + 1.5 · 2−mp̄ 3.

If, on the other hand, for every 1 ≤ j ≤ m, at least one of {U1,j , t}, {U2,j , t},
and {U3,j , t} has been observed, then the following simple policy bounds
from above the cost of going through r.

Upon reaching r, take any available edge to U3,j for some j or
go to t if none is available. If U3,j has an edge to t, then take
it. Otherwise, follow an ε-edge to whichever one of U1,j and U2,j

that we know has an edge to t and continue there.

The probability that no edge is available from r is 2−m and the probability
that U3,j does not have an edge to t is at most p̄ . Note that this lower
bound is independent of whether or not U3,j has been visited before time
τd. The described policy, and subsequently an optimal policy, therefore has
a cost from t of at most

α+ 3 + (1− 2−m)εp̄ + 2−mδ = α+ 3 + εp̄ + 2−m(2εp̄ 2 + (2ε+ 1)p̄ 3)

= α+ 3 + 2p̄ 5/α+ 2−m(4p̄ 6/α+ (4p̄ 4/α+ 1)p̄ 3)

≤ α+ 3 + 2−m−1p̄ 4 + 2−m(p̄ 3/8 + (17/16)p̄ 3)

≤
//

m ≥ 1, p̄ ≥ 0.5
//
≤ α+ 3 + (23/16)2−mp̄ 3 < β

Lemma 4.6. For every instance I ∈ IE3SSAT ′ and optimal policy π∗, the
probability that, when reaching d for the first time, for every 1 ≤ j ≤ m at
least one of {U1,j , t}, {U2,j , t}, and {U3,j , t} has been observed to be in the
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4.4 PSPACE-hardness proof

graph is at least E3SSAT’(I)pm and at most E3SSAT’(I)(1 − p̄ 3)m, where
E3SSAT’(I) is the probability that I is satisfiable.

Proof. From Lemma 4.3, we know that the subpath from v1 to d is fully
specified by the variables y1, . . . , yn ∈ {0, 1, 2}. Since we have the clauses
(x1∨¬x1)∧· · ·∧(xn∨¬xn), choosing v(2)

i (i.e. yi = 2) for any i means that the
boolean formula is not satisfiable. The assignment of y1, · · · , yn therefore
corresponds to the assignment of the variables x1, · · · , xn of the formula
and the maximum probability of a satisfying assignment corresponds to the
maximum probability of visiting at least one of U1,j , U2,j , and U3,j for every
1 ≤ j ≤ m.

Having for every j visited one of the three, the probability of having
seen an edge for each j for some i from Ui,j to t is at least pm and at most
(1− p̄ 3)m. Multiplying this with the probability of satisfying the assignment
gives the promised bounds.

Lemma 4.7. For every I ∈ IE3SSAT ′ and π∗ ∈ Π∗, the optimal cost,
c(π∗, I), is at most B if and only if E3SSAT’(I) = (3/4)n/2.

Proof. Note that for every instance I, E3SSAT’(I) ≤ (3/4)n/2.

Assume that I is satisfiable with probability 2−n3n/2 and let π∗ be an
arbitrary optimal policy. Combining Lemma 4.3 with Lemma 4.5, Lemma
4.6, and the policy of Lemma 4.5 implies that

c(π∗, I) ≤ θ + q
(
(1− E3SSAT’(I)pm)β + E3SSAT’(I)pm(α+ 3 + (1− 2−m)εp̄ + 2−mδ)

)
= θ + q

(
α+ 3 + 3ε− (3/4)n/2pm(3ε− εp̄ − 2−m(2εp̄ 2 + (2ε+ 1)p̄ 3))

)
.

We wish to show that this is smaller than B = θ+q(α+3+3ε−(3/4)n/2(1−
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2−m)ε).

c(π∗, I) < B

⇐= pm(3ε− εp̄ − 2−m(2εp̄ 2 + (2ε+ 1)p̄ 3)) > (1− 2−m)ε

⇐=
//

2−m = 4p̄ α and ε = 2p̄ 4α
//

⇐= pm(3ε− εp̄ − 4p̄ α(2εp̄ 2 + 2εp̄ 3)− 2ε) > (1− 4p̄ α)ε

⇐= pm(3− p̄ − 8p̄ 3α− 8p̄ 4α− 2) ≥ 1− 4p̄ α

⇐= (1− p̄ )m(1− p̄ − 16p̄ 3α) ≥ 1− 4p̄ α

⇐=
//

(1 + x)k ≥ 1 + kx for k ≥ 0, x ≥ −1
//

⇐= (1− p̄m)(1− p̄ − 16p̄ 3α) ≥ 1− 4p̄ α

⇐= 1− p̄ − 16p̄ 3α− p̄m+ p̄ 2m+ 16p̄ 4mα ≥ 1− 4p̄ α

⇐= 4p̄ α+ p̄ 2m+ 16p̄ 4mα ≥ (m+ 1)p̄ + 16p̄ 3α

⇐= p̄m2 ≥ 4p̄ 3α ⇐=
//

p̄ ≤ 1/32
//

⇐= 1024p̄ 3m2 ≥ 4p̄ 3α ⇐= 256 ≥ 4

It remains to show the lemma for instances that are satisfiable with
probability less than (3/4)n/2. Let I be an arbitrary instance of this kind.
More specifically, we have E3SSAT’(I) ≤ (3/4)n/2 − 2−n since each of the
4n/2 outcomes are equally likely. With reasoning similar to the above,

c(π∗, I) ≥ θ + q
(
β + E3SSAT’(I)(1− p̄ 3)m(α+ 3 + 2−mδ − β)

)
= θ + q

(
α+ 3 + 3ε− 2−n(3n/2 − 1)(1− p̄ 3)m(3ε− 2−m(2εp̄ 2 + (2ε+ 1)p̄ 3))

)
and

c(π∗, I) > B

⇐= (1− (3/4)−n/2)(1− p̄ 3)m(3ε− 2−m(2εp̄ 2 + (2ε+ 1)p̄ 3)) ≤ (1− 2−m)ε

⇐=
//

(1− (3/4)−n/2) ≤ (1− 2−m) as m ≥ n
//

⇐= (1− 2−m)(3− 4p̄− 8p̄ 3 − 2ε−1p̄ 4) ≤ 1− 2−m

⇐= 1− 4p̄− 8p̄ 3 ≤ 1.

Theorem 1. SCTP is PSPACE-complete.

Proof. Lemmas 4.1, 4.2, and 4.7 shows that E3SSAT’ is log-space Turing-
reducible to SCTP. Since E3SSAT’ is PSPACE-hard, so is SCTP.

To see that SCTP can be solved in polynomial space, one merely notes
that the expected cost of an instance can be computed as the minimum
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4.4 PSPACE-hardness proof

over a weighted average of some constant and the expected cost of up to a
polynomial number of instances with strictly fewer probabilistic edges. As
there are only a polynomial number of probabilistic edges and the cost can
be represented with a polynomial number of bits, a polynomial amount of
space is sufficient at any one point.
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CHAPTER 5

Inapproximability of Markov-d-SSPPR

A variant to giving each edge an independent probability is to give an explicit
probability for each edge subset of an input graph. The number of such
subsets is exponential in the number of vertices, but if we specify in the
problem that subsets of probability 0 need not be described, then we get
the problem distribution-SSPPR (d-SSPPR or R-SSPPR). Because of
the less concise representation of the realizations of the graph, this problem
turns out to be NP-complete [18, 16].

Another variant of SCTP is to resample the graph after each step the
searcher takes. This problem is called the Recoverable Canadian Trav-
eller Problem, the Stochastic Shortest Path Problem with Recourse and
Resets, the Expected Shortest Path Problem, and others [2, 6]. By reducing
Recoverable-CTP to a Markov Decision Process (MDP), we see that this
problem is solvable in polynomial time.

We name, respectively, Markov-i-SSPPR and Markov-d-SSPPR the gen-
eralization to Markov chains of Recoverable-i-SCTP and Recoverable-d-
SCTP, as well as the generalizations of i-SSPPR and d-SSPPR. In this
chapter, we present a simple proof showing that for every polynomial p, it
is PSPACE-hard to approximate an instance I of Markov-d-SSPPR within
2p(|I|). If a similar result can be derived for Markov-i-SSPPR, we do not
know.

5.1 Definition of Markov-d-SSPPR

Definition 5.1 (Markov distribution-Stochastic Shortest Path
Problem with Recourse(Markov-d-SSPPR) (decision version)). An in-
stance
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I = (n,w, e,m,P,p0, B) to Markov-d-SSPPR consists of the number of ver-
tices of the graph, n, the number of states of the chain, m, an edge-weight
function w, a function e mapping states to edge sets, an m by m transition
matrix P, a distribution of the initial state, p0, and the bound B(n). The
output is ‘yes’ if and only if it is possible to traverse the Markov chain
from vertex 1 to vertex n with expected cost bounded by B(n).

A policy for this problem maps from the current vertex and history of
observations to the next vertex of the walk. As in d-SSPPR, the observations
after each step is the set of adjacent probabilistic edges of the reached vertex
and the subset of them that are in the current realization. Note that if
more than one state has the same realized neighborhood of a particular
vertex, then the particular state cannot be deduced from observing that
neighborhood alone.

One may note that Markov-d-SSPPR is a particular kind of partially ob-
servable Markov decision process (POMDP) but a generalization of Markov
decision processes. Furthermore, d-SSPPR is the special case of Markov
d-SSPPR when the transition matrix is an identity matrix and Recoverable-
d-SCTP is the special case of identical rows. We could also substitute the
m states with (n+ 1)km states if we would like the distribution of “the next
state” to be influenced by the last k visited vertices.

For an instance I, let p′ be the element of P or p0 and w′ be the element of
w requiring the most bits to be represent under a common scheme. We shall
call the size of the input for N = |I| ∈ Θ(m(m+n)+m2 log(w′p′)+logB) ⊆
(n logw′p′B)O(1).

It does not seem obvious to us that even exponential space is enough for
the representation of an optimal policy for Markov-SSPPR with polynomial-
time interpretation. See Chapter 7 for some reflections and other unan-
swered questions.

5.2 Overview

To prove that Markov-d-SSPPR cannot be approximated in polynomial time
within 2N

O(1)
, we assume the there exists such an algorithm and show that

this implies a contradiction. We construct a reduction for a fixed function
f(N) ∈ 2N

O(1)
which, given an arbitrary instance to QSAT, produces an

instance Rf (I) to Markov-d-SSPPR such that the expected cost of every
suboptimal policy is more than f(n) times greater than the expected cost
of an optimal policy for a satisfiable QSAT instance, B(n). If the QSAT
instance is not always satisfiable, then our reduction guarantees that the
expected cost is more than f(n)B(n).

By querying the approximation algorithm whether the cost is bounded
by f(n)B(n), we are guaranteed to get a ‘yes’ answer if there is a policy
achieving a expected cost of at most B(n) and a ‘no’ answer if every policy
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costs more than f(n)B(n). For positive QSAT instances, the former is
guaranteed and for the negative instances, the latter. Hence we are able to
answer the QSAT instance in polynomial time.

The idea of the reduction is to have the chain go through a number of
states, forcing a policy to either set a variable to true or false at random or to
make a choice of how to value should be set. Having set a variable, the policy
must go through vertices representing the clauses containing those variables.
Exactly one of the clauses will have an edge of cost 1 to the target t. Which
clause is not deducible without visiting every clause and if the target hasn’t
been reached after setting all of the vertices, then the policy is forced to
take an expensive edge to the target. More specifically, the edge will be so
costly that if the policy is not guaranteed to always find the cheap edge,
then the expected cost will be strictly greater than f(n)B(n). The cost will,
however, be in 2N

O(1)
and thereby representable in polynomial space.

5.3 Reduction from QSAT to Markov-d-SSPPR

Let Af be a supposed f(n)-approximation algorithm for Markov-d-SSPPR
with f(n) ∈ 2N

O(1)
and f(n) ≥ 1 for every n. For a given QSAT instance I,

we produce an instance Rf (I) to Markov-d-SSPPR such that QSAT (I) =
Af (Rf (I)). We define the reduction and show that it is computable in
polynomial time.

Let the positive variables of I be v(0)
1 , v

(0)
2 , . . . , v

(0)
n , the negative variables

v
(1)
1 , v

(1)
2 , . . . , v1

n, and the clauses C1, . . . Cm. A clause such as “v2 or not v5

or not v6” shall be denoted with C = {v(0)
2 , v

(1)
5 , v

(1)
6 }. Note that m ≤ 8n3.

The reduction graph GI contains 3n+ 2m+ 1 vertices:
v1, . . . , vn, v

(0)
1 , v

(1)
1 , . . . , v

(0)
n , v

(1)
n , c1, . . . , cm, d

(0)
1 , d

(1)
1 , . . . , d

(0)
m , d

(1)
m , vn+1, t, re-

spectively representing variable assignment vertices, assignment to true and
false, clause vertices, dummy vertices when literals are not in the clause
of the same index, a dummy vertex for convenience, and the target. The
starting vertex is v1.

Rf (i) has (m+ 1)(m+ 3)n states: Wk,i,y, wk,i, and sk,i,j for k ∈ (m], i ∈
(n], y ∈ {0, 1}, and j ∈ (m]. Most transitions of the chain are deterministic:
the chain transitions from Wk,i,y to wk,i to sk,i,1 to sk,i,2 to . . . to sk,i,m. The
chain transitions, for i < n, from state sk,i,m to Wk,i+1,0 or Wk,i+1,1 with
respective probability 0.5. The states sk,n,m transition to themselves.

The edge sets for the respective states are as follows. For every state
Wk,i,y, wk,i, or sk,i,j , there is an edge from ck to t. For states Wk,i,y, there
is an edge from vi to v(y)

i , denoting setting the variable vi to true (y = 1)
or false (y = 0). If i is odd, there is furthermore an edge from vi to v(1−y)

k ,
allowing an existential choice. From wk,i there is an edge from v

(0)
i and v(1)

i .
The edge goes from v

(y)
i to c1 if v(y)

i ∈ C1 and otherwise to d(y)
1 . For states
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sk,i,j , j < m, there is, for each y ∈ {0, 1}, an edge from u to u′ where u is cj
if v(y)

i ∈ Cj and otherwise d(y)
j , and u′ is cj+1 if v(y)

i ∈ Cj+1 and otherwise

d
(y)
j . From states sk,i,m, there is an edge to vi+1 from cm, d

(0)
m , and d(1)

m ; and
from vn+1 to t. All edges cost 1 except the edge from vn+1 to t, which costs
α

def= 2bn/2c+1mf(n)B(n).
The starting distribution of the chain is uniform over the statesW1,1,1, . . . ,Wk,1,1

and the bound is B(n) = 4n3.
See Figure 5.1 for an example instance of the reduction.

Lemma 5.1. For every function f(n) ∈ 2N
O(1)

and instance I to QSAT,
the size of the produced instance, |Rf (I)|, is polynomial in |I|.

Proof. We have that |Rf (I)| ∈ (n logw′p′B)O(1), where w′ is the edge cost
and p′ the probability that uses the most number of bits to represent. Since
all edges of Rf (I) has cost 1 or 2f(n)B(n), the most demanding cost is
w′ = 2f(n)B(n) ∈ 2|I|

O(1)

. Likewise, p′ = 0.5 ∈ O(1). It follows that
|Rf (I)| ∈ (n|I|O(1))O(1) = |I|O(1).

Lemma 5.2. For every function f(n) ∈ 2N
O(1)

, the reduction Rf can be
computed in polynomial time.

Proof. In our description, we have only used a constant number of indices
ranging over a set of polynomial cardinality. All mentioned numbers are
representable in space polynomial in the size of the QSAT instance.

5.4 Hardness Proof

Let K be the random variable appearing in the starting state WK,1,1.

Lemma 5.3. For every QSAT instance I on n variables and policy π, there
is with probability 1 some 1 ≤ k ≤ m and y1, . . . , yn ∈ {0, 1} such that the
walk taken by π in R(I) is a prefix of

z = v1, v
(y1)
1 , g1,1, . . . , g1,m, v2, v

(y2)
2 , g2,1, . . . , g2,m, . . . , vn, . . . , gn,m, t

and where gi,j is cj if vyii ∈ Cj and otherwise d
(yi)
j . Furthermore, if in a

realization, z is not a subwalk of the walk, then the last vertex of the subwalk
is cK and the vertex following it is the target t.

Proof. The walk is more or less dictated by the progression of the states.
The only available branches is the initial choice of k, decisions at vi for some
i, and from cK . The former two are parametrized and taking the edge from
cK to t agrees with the claim.
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5.4 Hardness Proof

Figure 5.1: Example reduction for the QSAT instance ∃x1∀x2∃x3∀x4(x1∨x2∨x3)∧
(x1∨x̄2∨x̄3)∧(x̄1∨x̄3∨x̄4)∧(x2∨x̄3∨x4)∧(x1∨x2∨x4). Whole-drawn lines indicate
edges available for at least one of the the states W2,1,1, w2,1, s2,1,1, s2,1,2, s2,1,3, s2,1,4,
and s2,1,5 (i.e. the assignment of the first variable). Dotted lines lines indicate edges
available for some state and dashed edges have been inserted in order to reduce
clutter. The bound B(4) is 256 and α = 2bn/2c+1mf(n)B(n) is 10240f(4). Note
how every suboptimal policy has an expected cost of at least 512f(4).
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It follows that K,Y1, . . . , Yn are random variables which are invariants
of the process. Furthermore, for every QSAT instance and policy for the
instance, if we condition the policy’s walk on {K = k, Y2 = y2, . . . , Y2bn/2c =
y2bn/2c} for some values, then there is a single realization of the walk with

probability 1. We shall call this walk x(k) and T = min{τ | x(k)
τ = t} the

first time the target is visited. Recall that we defined the walk of a policy
such that the target is visited indefinitely from the time of the walk’s first
visit.

Lemma 5.4. There is no QSAT instance I and policy with expected cost
strictly greater than B(n) and less than or equal to f(n)B(n).

Proof. Note that no policy can take more than n(m + 2) + 1 ≤ B(n) steps
because of the state transitions. Aside from {vn+1, t}, no edge has a cost
greater than one. Hence, if the probability is 0 that the policy takes this
edge, then the expected cost is at most B(n). Since no realization of the
process has probability less than 2−bn/2c/m, the minimum probability of
taking {vn+1, t} which is greater than 0 is 2−bn/2c/m. The cost of {vn+1, t}
is 2bn/2c+1mf(n)B(n) and so if the policy takes this edge with non-zero
probability, then the expected cost of the policy is at least 2f(n)B(n) >
f(n)B(n).

Lemma 5.5. For every satisfiable QSAT instance I, there is a policy achiev-
ing an expected cost of at most B(n).

Proof. We know that if there is no realization in which a policy takes the edge
{vn+1, t}, then the expected cost is bounded by B(n). In other words, we
wish to show that ck ∈ x(k) for every 1 ≤ k ≤ m and y2, . . . , y2bn/2c ∈ {0, 1}.
Let σ be a satisfying conditional assignment of I and consider the following
policy. Follow z unambiguously by going to vσ(Y1,...,Y2i)

2i+1 upon reaching vertex
v2i+1, i < n. We claim that, for every realization, this policy visits each
clause vertex ci, thereby implying the existence of a policy that never has
to take the edge from vn+1 to t. Let k, y1, . . . , yn be an arbitrary realization
of the random variables K,Y1, . . . , Yn while following the described policy.
We have the property that y2i+1 = σ(y1, . . . , y2i) and, because σ satisfies
I, that ∀i∃jv

(yj)
j ∈ Ci. But if Yj = yj for some j, then v

(yj)
j ∈ x(k) and if

furthermore v(yj)
j ∈ Ci, then gi,j = ci ∈ x(k).

Lemma 5.6. For every QSAT instance I, if there is a policy for Rf (I) with
expected cost at most B(n), then the instance I is satisfiable.

Proof. Following the proofs above, a policy achieves a cost of B(n) only if,
for every 1 ≤ k ≤ m and y2, . . . , y2bn/2c ∈ {0, 1}, the vertex ck is in x(k).
We show that this implies that there is a policy such that, for arbitrary
y2, . . . , y2bn/2c ∈ {0, 1}, there is a k such that ci ∈ x(k) for every 1 ≤ i ≤ m

38



5.4 Hardness Proof

Figure 5.2: Polynomial-time algorithm for QSAT assuming the existence of an
effective f(n)-approximation algorithm Af for Markov-d-SSPPR.
PolytimeQSATf,Af (I)
1 return Af (Rf (I)) ≤ f(n)B(n)

and therefore that the QSAT instance is satisfiable. Formally, we wish to
show that

∀I∃π∀y2,...,y2bn/2c∀k ck ∈ x(k) =⇒ ∀I∃π∀y2,...,y2bn/2c∃k∀i ci ∈ x(k).

Note that if we have a policy guaranteeing that ck ∈ x(k) for every k, then
there also exists a policy such that x(k)

T (k)−1
= ck. Furthermore, there exists

a policy with this property and the property that, for every 1 ≤ k1, k2 ≤ m
with T (k1) ≤ T (k2), the two walks x(k1) and x(k2) share prefix in the sense
that x(k1)[0 : T (k1) − 1] = x(k2)[0 : T (k1) − 1]. This follows from that the
value of the random variable K only affects whether the edges of the form
{ci, t} are in the graph and there are therefore no differences in observations
between the two cases save for when cK is reached.

Assume that the above consequent is false even though we assume that
the antecedent is true. Consider an arbitrary instance for which it does not
follow, a policy with the properties discussed in the preceding paragraph,
and arbitrary falsifying y2, . . . , y2bn/2c ∈ {0, 1}. Following the assumption,
let φ(1), . . . , φ(m) be such that for every k, cφ(k) /∈ x(k). We need to show
that this implies a contradiction.

Following that cφ(k) /∈ x(k), we have that either φ(k) = k or T (φ(k)) <

T (k), and therefore that cφ(φ(k)) /∈ x(k). Every function f : X 7→ X for finite
X eventually produces a cycle after iterated application and so there exists
j ∈ (n] and λ ≥ 1 such that φλ(j) = j, where e.g. φ3(k) = φ(φ(φ(k))). It
follows that j = cφλ(j) /∈ x(j) which contradicts our assumption about the
policy that ck ∈ x(k) for every k.

Lemma 5.7. Assume the existence of a polynomial-time 2N
O(1)−approximation

algorithm Af for Markov-d-SSPPR. In that case, Algorithm 5.4 returns
‘yes’ exactly for positive QSAT instances.

Proof. Following Lemma 5.4 and Lemma 5.6, if a QSAT instance I is not
satisfiable, then there is no policy for Rf (I) achieving an expected cost of
f(n)B(n) or less. The approximation algorithm therefore returns a value
greater than f(n)B(n) and Algorithm 5.4 behaves as expected.

For every positive QSAT instance I, we know from Lemma 5.5 that
there is a policy for Rf (I) with expected cost at most B(n) and so the
approximation algorithm is guaranteed to produce an answer of at most
f(n)B(n) with the appropriate consequencs for Algorithm 5.4.
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Theorem 2. Markov-d-SSPPR cannot be approximated within 2N
O(1)

unless
P = PSPACE.

Proof. Assume false and let Af be an efficient f(n)-approximation algorithm
for Markov-d-SSPPR for some f(n) ∈ 2N

O(1)
. Consider the algorithm that,

given I ∈ IQSAT , runs Af on the Markov-d-SSPPR instance Rf (I) and
returns ‘yes’ if and only if the output is at most f(n)B(n). From Lemma
5.7, we know that a positive answer to Rf (I) implies that the optimal cost
is at most B(n), which in turn means that the output of the described
algorithm for I corresponds to whether or not I is satisfiable. Since Lemma
5.2 shows that Rf can be computed in polynomial time, we have proved
the existence of a polynomial-time algorithm for QSAT and, indeed, every
PSPACE-easy problem.

Corollary 5.8. Both versions of Markov-d-SSPPR are PSPACE-hard to
approximate within 2N

O(1)
.

Proof. In Section 3.2, we proved that there are instances of Markov-d-
SSPPR such that the expected cost of a policy that may reroute at any
time is strictly better than every policy which may only reroute only upon
an edge which the policy intended to take failed. Since this is the only differ-
ence between the two versions and we have proved that the former version is
PSPACE-hard to approximate, we need only show that there is an optimal
policy for the first version which is also a valid policy for the second. This
is easy to see. Assume that we have a conditional satisfying assignment for
QSAT and set the tentative walk to z with y2k set to the assignment of x2k

given x1 = y1, . . . , x2k−1 = y2k−1 and setting y2k+1 to 0. Take a subwalk of
this plan by, from each clause vertex ci, plan to take a probabilistic edge to
t, whenever there is one.
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CHAPTER 6

Inexistence of Polynomial-Time Policies

In this section, we show that unless PSPACE ⊆ P/poly, there is no poly-
nomial p, such that for every instance I ∈ ISCTP , there is a description of
an optimal policy to navigate I bounded in size and time to interpret p(|I|).
Instead of this longish statement, we shall simply say that SCTP does not
have (or guarantee) polynomial-time policies unless PSPACE ⊆ P/poly.
Note also that this statement says nothing about the resources needed to
find the policies (if there are any) and we do not imply any bounds of this
kind, not even computability.

This problem was briefly mentioned by Provan [18] for i-SPPRPR, and
subsequently for i-SCTP in in Karger and Nikolova [10]. In the latter paper,
the question was posed as follows.

[...] Indeed, even simpler questions such as whether there is a
polynomial size description of an optimal or approximately opti-
mal policy, regardless of whether it can be constructed, remains
unanswered.

The question about approximate policies we leave unanswered. Regard-
ing optimal policies, we choose to interpret this statement as though there
should be an algorithm which, given the description and the observation his-
tory, produces in polynomial time a next vertex minimizing expected travel
cost. The polynomial growth is here with respect to the instance size, not
the input to the policy. Were we not to place any time restrictions, a de-
scription of an optimal policy would simply be the problem instance, as it
may be solved in polynomial space.

For many problems, one can argue that they do not have polynomial-time
policies because one could then guess a policy and then guess an example
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that shows that the policy does not achieve the desired bound. For many
PSPACE-complete problems between two players, such an argument would
rule the policies out unless Σp

2. For games involving randomness, so called
games against nature, it is not clear how to do the verification in polynomial
time, resulting in the weaker collapse P#P = PSPACE if such a game does
indeed guarantee polynomial-time policies. We will address this point again
in the closing discussion of this thesis.

The graphs that we will be studying in this chapter are extensions of the
graphs used in Chapter 4. For this reason, the graphs are rather complicated
and we will refrain from giving entirely accurate figures and instead only
highlight the key idea.

6.1 Outline

The proof can be summarized as if there is a polynomial-time optimal policy
for every SCTP instance, then we can construct a P/poly-algorithm for a
PSPACE-hard language L by taking as advice the optimal policy of a well-
chosen polynomial-size instance S(n). In particular, this instance will be
chosen in such a way that every optimal policy must contain the answers to
every instance of size n. The PSPACE-hard language that we will use for
this is SCTP with a restricted set of edges. We begin by showing that this
version is PSPACE-hard, then proceed by defining the instances S and a
reduction R, and finally prove that the reduction is indeed polynomial-time
and that the answer to R(I) is the same as the answer to I.

6.2 Restricted but Still Hard Problems

Lemma 6.1. The language of true quantified boolean formulas (E3QSAT
instances) with as many clauses as variables is PSPACE-complete.

Proof. Given an arbitrary instance to E3QSAT with n variables and m
clauses, if m < n, add n−m trivially satisfiable clauses. If m > n, then add
m − n variables that do not appear in any clause. Since m ≤ n3, this con-
stitutes a polynomial-time reduction from E3QSAT to n-Clause E3QSAT.
PSPACE-easiness follows because the latter has as instances a subset of
the former.

Definition 6.1 (εc-Card SCTP). We define the problem εc-Card SCTP as
SCTP restricted to edges either with cost 1 and probability in {0, 0.5, 1} or
with cost 2−cn and probability 1.

Lemma 6.2. ε4-Card SCTP is PSPACE-complete.

Proof. Consider the proof of Theorem 1 for instances to n-Clause E3QSAT.
Each edge falls in one of the categories 1) edges of probability 1 and cost
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1 or α = (m + 1)2 + 2 = (n + 1)2 + 2, 2) edges of probability p = 1 −
2−m−2(m + 1)−2 = 1 − 2−n−2 and cost 1, α or α + 1, and 3) edges of
probability 1 and cost ε or α + 3 + 3ε. Begin by multiplying each of these
costs (and the expected bound) by 128. Any edge with probability 1 and
polynomial integer cost can be replaced by a polynomial number of cost 1
and probability 1 edges, leaving us with invalid edges of Categories 2 and 3.
Instead of p = 1− 2−n−2(n+ 1)−2, we may use p = 1− 2−3n−2 with tedious
but straight-forward changes of other constants. The desired probability is
then achievable using 3n + 2 parallel edges of probability 0.5, followed by
a number of edges of probability 1 in series for the desired cost. Finally,
we have that 2−cn = 2−4n = 128ε, which is just what we need in order to
substitute the edges of Category 3 with series of edges of cost 2−cn or 1.

6.3 Definitions of Some Superinstances

We will now define the SCTP instances S : N 7→ ISCTP of which we take
optimal polynomial-time policies as advice. Let h be dlog2(1 + 4(m+ 1)2)e,
N the size of S(n), and µ = N3 + 1. Given n, construct the random graph
S(n) by taking the complete graph on n(n+h+3)+1 vertices and replacing
each edge {u, v} by a graph with vertices {u, v, uv1, uv2} and probabilis-
tic edges {u, uv1}, {u, uv2}, {uv1, v}, and {uv2, v}, where the former two
have costs ε = 2−(c+1)nN−3/2 and probabilities 1, the third has cost 1 and
probability 0.5, and the fourth one has cost 2−cn and probability 0.5. Let
A1, . . . , Aκ=n(n+1)/2 be an enumeration of the vertices called uv1 for some
u and v and B1, . . . , Bκ an enumeration of the vertices called uv2 such that
the vertices Ai and Bi were introduced by the same edge substitution. Add
to the graph vertices which we shall call a1, . . . , aκ+1, a vertex named Bκ+1,
and a new target vertex t′. For each 1 ≤ i ≤ κ + 1, add an edge of cost 0
and probability φ = 1 − 0.5εµ−1(N3 + 1)−1 from ai to t′ and from bi to t′.
Furthermore, and an edge of cost κµ = κ(N3 +1) between the same vertices
by introducing dummy vertices). For each 1 ≤ i ≤ κ, add an edge of cost
2µ and probability φ from ai to ai+1, an edge of probability 1 and cost µ
from Ai to ai+1, from aκ+1 to B1, from Bi to Bi+1, from Bκ+1 to s, from t
to t′, and finally an edge of cost µ and probability φ from ai to Ai. We let
the starting vertex be A1 and the target t′.

See Figure 6.2 for how a superinstance could look like for the graphs of
Figure 6.1. Note that, in our proof, the given instances are first transformed
into the graphs that showed PSPACE-hardness. Furthermore, although we
probably should show both, we only show one of the two kinds of vertices
that substitute edges of the original graph.

Lemma 6.3. The size of the SCTP instance S(n) is polynomial in n.

Proof. The lemma follows from that the number of vertices of S(n) is polyno-
mial in n and that the edge costs and probabilities of S(n) can be represented
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Figure 6.1: Two input graphs of size 3 with starting vetrtices s and targets t.
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Figure 6.2: A “superinstance” for instances of size 3. The new start and end
nodes are 1 and t′, respectively. To optimally solve this “superinstance”, you must
also solve every instance of size 3.
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with a polynomial number of bits.

6.4 A P/poly Algorithm

Let C(I) for an n-Clause E3QSAT instance I be the “partial realization”
(state with posterior distribution) of S(n) that we next describe. Give C(I)
the same vertex set as S(n). LetG be the reduction graph of I as constructed
in the preceding section. Construct a bijection f between the vertex set of
G and the vertices of the former complete graph of S(N) by assocating the
starting vertex of G with s in C(I), the target vertex of G with t in C(I),
and associating the remaining vertices arbitrarily. Let s be our starting
vertex and t′ the target. Add to C(I) every probability edge of S(n) that
has probability one. For each pair of vertices ei = {u, v}, 1 ≤ i ≤ κ in C(I),
do

- if the probabability of the edge {f(u), f(v)} in G has probability 0.5
(and hence cost 1), then add to C(I) an edge of cost 2µ from ai to
ai+1,

- otherwise, if the cost of the edge {f(u), f(v)} is 2−cn, then add to C(I)
an edge of cost 2−cn from uv2 to v and an edge of cost µ from ai to
ai+1.

- otherwise the edge has cost 1 and probability either 0 or 1. In either
case, add to C(I) an edge of cost µ from ai to ai+1.

Figure 6.3 and Figure 6.4 constitutes partial restrictions of Figure 6.2
such that the optimal policy from s to t in the resulting states corresponds
to the optimal policies in the graphs of Figure 6.1. Note how considering
the ε-edges to cost 0 and the α-edges to be impassable produces nearly the
exact instances of Figure 6.2.

Lemma 6.4. For every instance I of n-Clause E3QSAT, an optimal policy
for C(I) immediately takes the edge of cost µ+B(n) + 2N3ε from s to t′ if
and only if I is not satisfiable.

Proof. From our construction and the proof of Theorem 1, we have that I
is satisfiable if and only if G has a policy with expected cost at most B(n).
Note further that in every realization, there is a path from s to t in G (recall
that G comes from our reduction of E3QSAT). Since µ is much larger than
B(n), no policy in C(I) from s to t will contain any edges of cost µ. Hence,
as we every optimal policy of G visits at most n3 vertices, there must exist a
policy for C(I) from s to t of cost at most B(n)+n3ε < B(n)+2N3ε. Since
t and t′ are connected by an edge of cost µ, it follows that satisfiability of I
implies that the next action in C(I) is not to take the edge to t′.
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Figure 6.3: A restriction and optimal path prefix with optimal strategies corre-
sponding to optimal strategies of the first graph given in Figure 6.1. The policy
would in this state continue from vertex s.
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Assume instead that I is not satisfiable, then the cost of every policy in
G must be at least B(n) + 2−nε > B(n) + 2N3ε, hence an optimal policy
for C(I) will indeed choose the edge from s to t′ as its first action.

Lemma 6.5. For every instance I of n-Clause E3QSAT and an optimal
policy for S(|I|), there is a non-zero probability that a state with the same
posterior distribution as C(I) appears.

Proof. Consider an arbitrary realization H of C(I) with non-zero probabil-
ity. H is also a realization of S(n) with non-zero probability. Hence, all we
have to show is that every optimal policy navigating S(n) in the (concealed)
realization H will eventually reach a point where the known and unknown
edges of the graph corresponds in distribution to C(I).

We argue that every optimal policy will, in instance I with the hidden
realization H, follow the path a1, . . . , aκ+1, B1, . . . , Bκ+1, s unless the first
defective vertex is t′ and with the exception that Ai may be visited after ai
before continuing on the path.

To see this, we note that the definition of C(I) implies that for the
statement to be false, the first defective vertex must either be the the vertex
visited two steps earlier or be a vertex other than Ai, ai, Bi, and t′ for every
i.

Consider the second case and let us call a first such vertex for v. Since u
cannot be s, it must have been preceded by either Ai or Bi for some i ≤ κ,
call it u. From v, one can not reach t′ without traversing an edge of cost
µ and the cost of the edge {u, v} is at least ε. Hence the expected cost
to reach t′ from v is at least µ. We proceed by showing that this is worse
than following the proposed path. Having followed the given path up to u,
there is an edge of cost α leading to either ai+1 or bi+1 which in turn has
yet to be visited and therefore (conditioned on the observations made so
far) has an edge to t′ of cost 0 and probability p̄. Consider the alternative
policy that instead of going from u to v, goes to ai+1 or bi+1 and continues
to t′ regardless of whether the cost of going there is 0 (probability φ) or
µ(N3 + 1) (probability 1−φ). The expected cost from u of this policy from
is α+ (1− φ)µ(N3 + 1) = α+ 0.5ε < α+ ε.

The first case is pretty much the same, but the expected cost from the
new state of the backwards-going policy is at least 2µ+ ε and the expected
cost of a policy following our path two more steps is at most 2µ+ 0.5ε.

Lemma 6.6. For every instance I, a graph for C(I) can be computed in
time polynomial in the size of I.

Lemma 6.7. For every n-Clause E3QSAT instance I and optimal policy
for S(|I|), the policy’s next action in the state that corresponds to C(I) is
to take the edge to t′ if and only if I is not satisfiable.
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Proof. Assume false and consider an instance I and policy π for which the
lemma does not hold. From Lemma 6.4, we know that every optimal policy
in C(I) goes directly to t′ if and only if I is not satisfiable. It follows that a
policy which does not abide to this is suboptimal. Since C(I) appears with
non-zero probability by Lemma 6.5, we can produce a better policy than
the supposedly optimal policy π by changing the next action of the policy
in the state C(I).

Theorem 3. There are instances of SCTP and i-SSPPR for which there is
are no polynomial-time optimal policies unless PSPACE ⊆ P/poly.

Proof. Assume the existence of polynomial-time optimal policies for every
SCTP instance and consider the following P/poly-algorithm. Let the advice
associated with n be a (polynomial size) description of an optimal policy for
the instance S(n). Given an n-Clause E3QSAT instance I and the policy for
S(n), construct in polynomial time the state C(I) and query the policy for
the next vertex. If the next vertex is t′, return that the E3QSAT instance
is not satisfiable and otherwise that it is. From the lemmas above, we know
that the described algorithm runs in polynomial time and that the output
does indeed correspond to the desired answer of the E3QSAT instance.
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CHAPTER 7

Discussion and Open Problems

We have highlighted a number of variants of the Stochastic Canadian
Traveller Problem and the Edge-Independent Stochastic Short-
est Path Problem with Recourse, most notably that there are two
different versions of the latter problem. We have shown that the Stochas-
tic Canadian Traveller Problem, the Edge-Independent Stochas-
tic Shortest Path Problem with Recourse, and some variants are
PSPACE-complete, that the Markov distribution-Stochastic Short-
est Path Problem with Recourse is PSPACE-hard to approximate
within any exponential-polynomial function, and that SCTP and others do
not have optimal polynomial-time policies for every instance unless the poly-
nomial hierarchy collapses. Considering SCTP’s (supposed) frequent ap-
pearance, this is bad news.

The full report [16] of the paper by Polychronopoulos and Tsitsiklis [17]
also contains several interesting directions not covered here.

7.1 Approximation

The approximability of SCTP and i-SSPPR is, however, yet to be untan-
gled and the PSPACE-completeness result should be a excellent basis for
further studies. From the relation IP = PSPACE, we know, for every
ε > 0, that there is a PSPACE-hard language of SSAT instances such that
every negative instance can be satisfied with probability less than 2−n

ε
[8].

This relation seems useful for SCTP but can unfortunately not be imme-
diately applied to our proof because whether or not the instance has been
satisfied by the path in the proof contributes to the expected cost with at
most 3qε = 3 · 2−4m−7−(n+2)mh(m− 1)−6−2nh = 2−O((n+m) logn). One could
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probably consider a PSPACE-hard QSAT-language with a linear number
of clauses, but this would not be very impressive either. The randomized
debate systems of Condon, Feigenbaum, Lund, and Shor [7] might provide
an interactive proof system more suitable for SCTP. It should be noted
that it seems much easier to find (but we have not) some interesting lower
bounds for the inapproximability of the directed version of SCTP, i.e. i-
SSPPPR. For one, the PSPACE-hardness proof we provided would not
need the Hi,j-vertices, which in fact were introduced as gadgets for replac-
ing directed edges. This would immediately drop the factor q = p̄nh from the
contribution of not having the path visit each clause, but we have still not
managed to produce an inapproximability of even n−δ for some δ. It seems
feasible to produce such a bound if one could start the reduction with a
PSPACE-hard satisfiability language where only a constant fraction of the
clauses could be simultaneously satsified for negative instances. Although
we haven’t persued this line of thought, we presently do not know of any
languages of that kind.

To develop an approximation algorithm for SCTP, if one does exist, one
may do well to look into the heuristics that have so far been developed, as
reviewed in Section 3.3, and to analyze why our PSPACE-hardness proof
fails, and supposedly could not be modified, to provide inapproximability
results.

7.2 Natural Simplifications

For practical applications, we typically only encounter a subfamily of net-
works. Perhaps our problems are in fact easy for these? There are two
possibilities here, either to study distributions where the set of realizations
belongs to a particular family, or to study distributions where the graph
defined by the probabilistic edges belongs to a particular family. For upper
bounds, the latter seems the easiest. Studying planar graph would be one
natural assumption, some other ones would be to bound the degree of the
graph, to consider grid graphs, to assume that the costs of available edges
is a metric or to assume that all edges have a cost of 1 and/or that each of
probabilities belongs to {0, 0.5, 1} (the cardinality version).

Since both the planar and the cardinality version of the ST-Reliability
problem are P#P-complete, it follows that the planar and the cardinality
SCTP variants are P#P-hard. Regarding the metric problem, it is less clear.
There are metrics for which the problem is polynomial-time computable, e.g.
if all distances are 0. For any lp norm, the problem is at least P#P-hard
since one may reduce reliability to it and add a detour of an exponential-
polynomial cost greater than the longest optimal path through the input
graph divided by the realization of least non-zero probability. A similar
construction can be made for grid graphs if we allow exponential-polynomial

50



7.4 Computational Hardness

edge costs.
For SCTP, the cost of each edge could be seen as a random variable tak-

ing on either a predetermined value or ‘∞’. With parallel edges or dummy
vertices, the cost could be given by a discrete distribution with some q num-
ber of outcomes. This would however require Θ(q) space to represent in
SCTP. For other problems, e.g. the Stochastic Shortest Path Prob-
lem, it has been extensively studied what happens if we allow for other
variables – this would certainly be a most interesting extension.

7.3 Computational Hardness

The difficulty of SSPPR-like problems depends on how succinct the descrip-
tion of the random graph model is. For instance, d-SSPPR requires each
realization to be explictly given and is solvable in non-deterministic polyno-
mial time. Perhaps there is a representation which combines the generality
of d-SSPPR with the succinctness of SCTP, thereby producing an SSPPR-
problem which is considerably harder to approximate than SCTP or even
harder than PSPACE. Is it possible to predict or bound the difficulty of
the problem when considering a different distribution? One starting point
would be to consider the universal distribution, which is not computable
[11]. Such a study might also provide some insights into how to design a
difficult polynomial-time computable distribution.

Is Markov-d-SSPPR EXPTIME-hard or can it perhaps be solved in
polynomial space? We have not provided any results for Markov-i-SSPPR,
i.e. where each edge in the graph is an independent Markov process. Nat-
urally, the problem is at least PSPACE-hard. Perhaps one could for this
produce gadgets that produce a behavior similar to the one in our proof for
Markov-d-SSPPR by letting edges be absorbing two-state Markov chains
which have a high expected absorption time. In that case, perhaps one
could allow the policy to make a pass through the graph, follow a path
of polynomial length, and return to most likely find predetermined edges
having gone from passable to impassable and similar in the other direction,
combined with edges in parallel and series for multiple detours returning to
the same area.

7.4 Polynomial-Time Policies

We have shown that SCTP can not have any polynomial-time policies unless
PSPACE ⊆ P/poly. Our proof constructs an instance of polynomial size
such that all instances of a particular size can be answered by a policy for the
constructed instance. This idea seems to work for any PSPACE-complete
problem that we have considered and it feel as though we are missing a
simple but fundamental fact. What we can argue is that if we have two

51



Chapter 7. Discussion and Open Problems 7.4

players that play a game of polynomial length and where the result can be
determined after the exchange in polynomial time, then there is no policy
for the first player unless Σp

2 = PSPACE. Likewise, if the game runs for
k rounds for any k ≥ 3, polynomial-time policies for the game would imply
that Σp

2 = Πp
2 = PH. This can easily be seen by having a Turing machine

guess a polynomial-time policy (which is of polynomial size) and switch into
universal mode (i.e. accept iff every guess accepts) to verify that the policy
achieves the desired result. The verification would be done by using the
guessed policy for the choices of the first player and universal guesses the
choices of the second player, and accepting iff the first player wins. It is not
clear whether or not a similar argument could be made for P/poly instead of
the second level of the polynomial hiearchy. Note that PSPACE ⊆ P/poly
is stronger than PSPACE ⊆ Σp

2, as the former implies the second. It is not
known whether or not the converse holds.

For stochastic problems, however, it is not quite as straightforward since
computing the probability that a move will result in a win requires powers
similar to those of #P. An argument analogous to the above therefore only
yields that no game of polynomial length between a player and nature, as
defined in Papadimitriou [14], guarantees a polynomial-time optimal policy
unless P#P = PSPACE. In Liberatore [12], so called non-uniform com-
pilability classes were employed to show that there are no polynomial-time
policies for markov decision processes (MPD’s) unless NP ⊆ P/poly. This
also implies that partially observable markov decision processes (POMDP’s)
can not have polynomial-time policies unless the same collapse occurs. That
SCTP and i-SSPPR can not have polynomial-time policies does not di-
rectly follow from this result since SCTP and i-SSPPR are subproblems
of POMDP’s, not superproblems.

We have not addressed whether or not a polynomial-time policy might
exist for approximate policies or the relation between the existence of such
policies and the existence of approximation algorithms for SCTP. We have
here also considered policies of arbitrary representation, i.e. any data that
could be used to compute a next action. For, e.g., Markov Decision Pro-
cesses, there are so called succinct policies that follows more restrictived
schemes. Whether or not there exists policies of this kind for our problems,
without the time restrictions, remains unanswered.

Something that we have not addressed in this paper is the issues that
arise when there are realizations such that the goal can not be reached.
Considering that this probability is the same regardless of the policy we
consider, the issue is not a serious one. There is a number of different ways
to deal with the issue in the literature but there are essentially four variants:
prohibit such instances, minimize the expected cost for realizations that do
have a path to the goal, allow the algorithm to stop and return that there is
no path, or allow the algorithm to stop but only at the starting vertex. The
second version allows for more distributions than the first and the distinction
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could prove important for approximability results. The fourth version seems
considerably more complicated than the third version which in turn seems
considerably more complicated than the first and second. As far as we
can tell, the relations between these variants have not been studied and
inapproximability results may be considerably easier to derive for some of
them. Note that the common practice of adding an expensive enough edge
with probability one from the start to the target belongs to the fourth kind.

7.5 Related Research Directions

The intention behind our work was to study the problem of computing
shortest paths in random graphs. We found that this was a diverse field of
study with applications in many different fields and with varying conditions
and goals. If one must choose and continue to follow a tentative path with
the goal of minimizing the expected cost, then the problem is most well-
known as the Stochastic Shortest Path Problem, for which there is
an extensive literature.

A paper which we believe could be of significant independent interest is
Hassin and Zemel [9] where weighted random graphs of each edge uniform
in [0, 1] are studied. Among other things, it is shown that one may in
O(|E|) = O(n2) time remove all but O(n log n) edges of the realization of
the graph in such a way that almost surely1 the costs of shortest paths and
minimum spanning trees do not change. This is a very interesting trade-off
between accuracy and efficiency that does not clearly correspond to average-
case complexity.

1Where “almost surely” means that the expected number of n ∈ N for which it does
not hold is finite.
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